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SELENIUM PHOTOCELLS 


for use with direct reading instruments or valve amplifiers. 


TEST TUBE COLORIMETERS 


for Haemoglobin and other determinations. 


REFLECTOMETERS 


for comparing reflectance from all surfaces. 


EVANS ELECTROSELENIUM |! 
LIMITED 
BISHOP’S STORTFORD. HERTS. 


SCIENTIFIC - 


Messrs H. K. LEWIS can supply from stock or to order any book on 
the Physical and Chemical Sciences. 


CONTINENTAL AND AMERICAN works unobtainable in this 
country can be secured under Board of Trade licence in the 
shortest possible time. 

SECOND-HAND SCIENTIFIC BOOKS. An extensive stock of books in 
all branches of Pure and Applied Science may be seen in this department. 
Large and small collections bought. Back volumes of Scientific Journals. 


Old and rare Scientific Books. Mention Interests when writing. 
140 GOWER STREET. 


SCIENTIFIC LENDING LIBRARY 


Annual subscription from One Guinea. _ Details of terms and prospectus free on request, 


THE LIBRARY CATALOGUE revised to December 1943, containing a classified index 
of authors and subjects : to subscribers 12s. 6d. net., to non-subscribers 25s. net., postage 8d. 


Bi-monthly List of Additions, free on application 


| tanmn: sree om | HK. LEWIS & Co. Ltd. 


Telegrams: ‘ Publicavit, 


Wosteent. Londen? 136 GOWER STREET, LONDON, W.C.1) 
a 
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SMALL TRANSFORMERS AND CHOKES 


to meet any practical specified requirements for 
Research and Experimental Purposes 


We have considerable experience in the design and manufac- 
ture of special transformers and chokes for a wide variety of 
purposes and include amongst our clients many well-known 
Research Laboratories, Government Institutions, Technical 
Colleges and Industrial Research Departments. 

On receipt of data giving the desired electrical performance 
and circuit conditions we will quote for prototypes or 
quantities without obligation and are in a position to give 
very quick delivery. Our prices are reasonable, our goods of 
high quality and our technical service unequalled. We also 
stock most of the conventional types of transformers and 


chokes, 
SOWTER TRANSFORMERS, 
27 Homefield Road, Wimbledon, S.W.19. 
’Phone : WIMBLEDON 0244. 


THE SIR JOHN CASS TECHNICAL 
INSTITUTE, 
Jewry Street, Aldgate, E.C.3 


DEPARTMENT OF PHYSICS 
AND MATHEMATICS 


! 


Full-time and part-time courses for B.Sc. 
| (London) degrees and for post-graduate 
studies 


Special courses in— 
X-RAY SPECTROSCOPY 
ILLUMINATION 
MATHEMATICAL PHYSICS 
ACTUARIAL MATHEMATICS 


Session begins September 23rd, 1946 


Full particulars may be obtained on 
application to the Principal 


OPTICAL BENCH 
PHOTOGRAPHIC ENLARGER 


PHOTOGRAPHIC COLOUR 
FILTERS 


OPTICAL FLATS 


MIcROSCOPY 


i} THE 

|) LEECH OPTICAL Co. Ltd. 
|) WHETSTONE LEICS. 
| Telephone: NARBOROUGH 2213 


PROJECTION EQUIPMENT 


APLANATIC MAGNIFIERS 
PRISMS TO ANY SPECIFICATION 


/ 
LEECH 


MEASUREMENT LIMITED, 


Dobcross, Lancashire, 


. require 
SENIOR DEVELOPMENT ENGINEER. 
Company produces high technique  electro- 


mechanical apparatus. Applicants must have 
experience in initiating and controlling experi- 
mental and design work, particularly ininstrument | 
and relay fields, and must be combination physicist 
and electrical engineer with flair for electro- 
mechanical mechanisms. Experience in integra- 
ting watt-hour meters very desirable. Only 
technicians of high calibre should apply, stating age, 
experience, qualifications and salary required, to 
Box No. 993; 191 Gresham House, London, E.C.2. 


DORAN. 


POTENTIOMETERS 
BRIDGES A.C. & D.C. 
GALVANOMETERS 
STANDARD CELLS 


ELECTRONIC TEMPERATURE 
CONTROLLERS 


are a few of the wide range of Instruments 
of modern design and high accuracy now 
in course of manufacture for all types of 
laboratory measurement and _ industrial 
process control 


by 


Doran Instrument Co. Ltd. 


Stroud,. Glos. 


Tel. : Stroud 15. 


BLOOMED SURFACES 
_ALUMINISED SURFACES 


RHODIUMISED SURFACES 
MIRRORS OF ALL TYPES 


London Office : 
94, HATTON GARDEN, E.C.1 
Telephone: HOLBORN 1752 
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Do you know about. the} 


special series of photographic: 


materials which are pro-} 


duced in the Kodak Research} 


KLET %.37 : 
Ox) Laboratories to meet the} 


KODAK DATA B 


varied needs of laboratory] 


work? Besides numerous{} 


other special materials idl} 


embraces six basic types off} 
1h 


photographic emulsion, each | 


with up to seventeen dif+} 


ferent colour-sensitisings. 


INTRODUCTION 


for Scientific Purposes 


Photographic Plates 


a spply informatio ee oe 
intended to SUPPLY 18 OT ended for KO : : 
Loe e photogra phic materials inten wold is KO DAK ; LI M ITED 
e ; i : ix 1E 
charac ee Site 163), THE WORKS, 


and describes 
for Scientific 


an 


ALDSTONE, HARROW, MIDDLESEX 


Purposes.” 


THE TELEGRAPH CONSTRUCTION & MAINTENANCE Co. { 


Founded 1864 


| 


Head Office: 22 OLD BROAD ST., LONDON, E.C.2. Tel: LONdon Wal 


Enquiries to: TELCON WORKS, GREENWICH, S.E.10. Tel: Greenwich 
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LABGEAR VALVE VOLTMETER 


FOR HIGH FREQUENCY MEASUREMENTS 


Power Supply Cue > Ranges : 
200/250 volts a sels 0-1 volt R.M.S. 
50 c/s. : 0-5 volts R.M.S. 


0-25 volts R.M.S. 
i Weight 20 lbs. 


Size: 
Cat. No. 


PS/B 2013 


12” 84” Qu 


A Reflex Instrument using an Acorn Pentode with stabilised power supply. 


vee  LABGEAR  (itome: 
FITZROY LANE, 


WILLOW PLACE, 
CAMBRIDGE INSTRUMENT AND ELECTRONIC CAMBRIDGE 
ENGINEERS 


Model H.S. 300 with variable speed shutter | h e 


giving exposures up to 1/20,000th second. M Oo d e€ l H. S. 3 0 0 
HIGH SPEED CAMERA 


Available on hire for high speed research 


work requiring accurate observation oj 


fast moving machinery, projectiles, etc. 


COST OF HIRE: 
£15.15.0 PER DAY (including operator) 


a 
iy ev ORIN See IN Bal Mee D 


North Circular Rozd, Cricklewood, N.W.2. 
Telephone : GLAdstone 6373 
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VITREOSIL_ 
APPARATUS 


1V ti 


NS ART, 
2 
DMDROC.WWS 


INSTRUMENTS 


FOR INDICATING » RECORDING: CONTROLLING 


| TEMPERATURE 


We shall be glad to supply full particulars 


| BOWEN INSTRUMENT Co. Ltd, 
m 9/13, NEWTON ROAD - LEEDS, 7 


Telephones: 41036/7 


This photograph—by the way, it won 
International Exhibition in 1939—shows 
some pre-war apparatus made to speci- 
fication in VITREOSIL pure fused silica, | 
but you need hardly be reminded that 
this work can always be done for you. 


THE THERMAL SYNDICATE LT i 
Head Office: Wallsend, Old Pye street, 


London Depot: 12-14, Old Pye Street 
Westminster, S.W.1. 


AVIMO 
35 mm. CAMERA 


Designed and developed by 
Avimo for Standard Cathode Ray 
Tube photography, the camera 
illustrated is rapidly becoming the 
standard Continuous Film Camera 
in the leading research labora- 
tories. Avimo specialise in in- 
dustrial cameras for specific uses. 


DESIGN - DEVELOPMENT - MANUFACTURE OF OPTICAL MECHANICAL-ELECTRICAL INSTRUMENTS 

ee elie bh eter ni om 
SS 
—————60ceowseesaesS=S=SSsS eee 
AVIMO LTD TAUNTON SOMERSET ENGLAND 
8440 D 
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OPEN CIRCUIT VOLTAGE 
OF A 67mm. MEGATRON 
PHOTO CELL 


-4V 


mean 


Write for characteristics 


LOWEG 


BASICALLY BETTER 
AIR- SPACED MEGATRON LTD. 


115A FONTHILL ROAD, 


|} COAX LOWS CABLES Satie wa 


i 


: JTRANSRADIO LTD. 6THE KicHway: “BEACONSFIELD® 


Archway 3739 


SIMPLIFIED 


BA IN 


"INSTRU MENT COMPANY LIMITED 


| MEASUREMENT 


Laboratory methods of determination requiring time 

and skill can often be replaced by direct-reading 

instruments that can be successfully used by the non- 

technical worker. Our development service for industry 

covers the field of Idea, Prototype and Manufacture. 
Ask us about it. 


AND 


CONTROL 


BALDWIN INSTRUMENT COMPANY LIMITED 
London Office : GRAND BUILDINGS, TRAFALGAR SQUARE, W.C.2 


Originators and makers of scientific instruments for measurement and control. 
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LET’S SIMPLY BE ACCURATE.. 
in pH determination 


Marconi pH Meters have an established place 
in the modern works or scientific laboratory ; 
they provide pH determinations to an accuracy of 
‘02 pH and, operating on electronic principles, 
are independent of colour judgment or compari- 
son. ‘They are, nevertheless, extremely simple 
to use and provide rapid reproducible readings. 

Apart from pH Meters for making spot tests 
there are also Marconi instruments which for 
process control automatically provide either con- . 
tinuous visible readings on a graduated scale, 
or permanent records on a twenty-four hour Full details or demonstrations are availalf 
chart. A variety of glass electrode systems have on request; when writing please describe } 
been designed for different applications. process involved. 


MARCONET INSTRUMENTS. LT 


MEASUREMENT E OR INDUSTR 


ST. ALBANS, HERTS. - Telephone: St. Albans 4323/6 


HULL: 30, Albion Street. ’Phone: Hull 16144, BRISTOL : 10, Portview Road, Avonmouth. ’Phone: Avonmouth 


POTENTIOMETER 


TYPE D-72-A 


For all measurements based on potential diffe} 


Measures from—o-or volt to 
volts on three ranges of X1J 
and X0.O1 

Smallest subdivision on X 0.01 
10 microvolts. | 
Small negative reading 
absolute zero volts position. 
Accurate current control bi 
_rheostat and slide wire. | 
Separate standard cell bai 


ACCESSORIES FOR USE 
WITH THIS INSTRUMENT 


VOLT RATIO BOX... TYPE A-202-A circuit. | 
WESTON STANDARD CELL TYPE D-113-A : 
GALVANOMETER ... ... TYPED-41-A Terminals for two external | 
LAMPSTANLD ..... whe aw TYPE D-74-A 


selected by switch. 
| MUIRHEAD | 


Muirhead & Company Ltd. Elmers End, Beckenham, Kent. Tel: Beckenham 0041-2. 
FOR OVER 60 YEARS DESIGNERS & MAKERS OF PRECISION INSTRU. | 
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Regd. Design No. 839907. 


GrirFtNandlATLock Ly 


Established as Scientific Instrument Makers in 1826 


GLASGOW 
45, Renfrew Street, C.2 


LONDON 
Kemble Street, W.C.2 


BIRMINGHAM : 


ELECTRONIC 
CONTROL 


HIGH ACCURACY 


RESISTANCE THERMOMETER 


CONTROLLER 


This is a purely electronic 
controller giving an output 
proportional to the deviation 
of the temperature from the 
desired value. It operates 
up to 800° C. witha platinum 
resistance- thermometer. 
Sensitivity one part in 5000. 
Primarily developed to con- 
trol the temperature of creep 


19, Cheetham Hill Rd., 4 
STANLEY BELCHER & MASON LTD., CHURCH STREET, 3 


MICROID BALANCE 


vii 


DESICCATOR 


@ New design in two sections for use in protecting 
cased instruments of all kinds from the corroding 


effects of humid air. 


® Fits neatly into corner of balance or other in- 


strument case. 


@ Stable and cannot easily be upset, e.g. by the 


jolting of a sticky door. 


@ No danger of flooding as with types hitherto in 


use. 


@ Easily cleaned and recharged. 


@® Price 4/6: Delivery from Stock. 


%* Leaflet G.T. 1336/31 on application. 


MANCHESTER 


FOR CREEP 
TESTS, ETC. 


test specimens, the SUNVIC 
RESISTANCE THERMOM- 
ETER CONTROLLER is suit- 
able for high accuracy work 
within the range covered by 
platinum and nickel resist- 
ance thermometers. 

For details, please request 
technical publication 
RT 10/ 48. 


EDINBURGH 
7, Teviot Place, | 


SUN VIC 
CONTROLS 
LTD. 


Stanhope House, 
Kean Street, 
London, W.C.2. 


TAS/SC IT7 
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AN 
OPTICAL 
RAY-PLOTTER 


The B.K. Ray-Plotter enables rays to be 
plotted graphically through an optical 
system without auxiliary drawings. It 
can be used for rays from air to glass, 
from glass to air, or from glass to glass. 


Write for particulars to 


WEAXY TE”. 


BROMLEY, KENT. 


THE “SHIRLEY” 
MOISTURE METER 


Originally developed for the rapid determination 
of the moisture regain of cotton, the instrument is now 
available for a wide range of materials, including wool, 
rayon, flax, jute, hemp, etc. 


Information concerning Meters suitable for 
testing other materials will be given on request. 


The instrument is both quick and accurate, giving 


instantaneous direct readings of Moisture Regain. 


Worked from A.C. Supply (consumption is only 25 


watts), the meter is so simple that an unskilled person 


can obtain correct readings. 


THE RECORD ELECTRICAL CO. LTD. 
BROADHEATH ° ALTRINCHAM: CHESHIRE 
‘Phone : Altrincham 3221/2 Grams : “Infusion ’’ Altrincham 


London Office : 28 Victoria Street, Westminster, S.W.I. Phone: Abbey 5148. 
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Although present circumstances render 
it difficult for us to give our pre-war 
service to all customers, we are still work- 
ing in their interests. 


New materials and manufacturing pro- 
cesses, which we are now using to increase 
output, also contribute in large measure to 
improved performance and reliability of 
our products. Thus, when normal times 


return, all users of Berco Resistances 
will benefit by our work to-day. 


THE BRITISH ELECTRIC RESISTANCE CO. LTD. 
QUEENSWAY, PONDERS END, MIDDLESEX 


Telephone : HOWARD 1492 
Telegrams : “ VITROHM, ENFIELD.”’ 


(R. 3) 


Greater tensile, elastic and fatigue strengths nor BERYLLIUM COPPER 


than any other non-ferrous alloy, a higher conductivity than 

any of the bronzes and excellent resistance to corrosion and Nl is 

wear—these characteristics of Mallory 73 Beryllium Copper 

have made it first choice for instrument springs, diaphragms 

and bellows, current-carrying springs, snap action switch Properties of 

blades, contact blades and clips. MALLORY 73 BERYLLIUM COPPER 


; Supplied annealed or lightly cold worked, it has good | peas mene 


forming properties and is readily fabricated into springs Ultimate tensile stress 
and parts of complicated shape. A simple heat treatment tons per sq. inch 75-100 
then develops its remarkable properties. rae 3 ; 
Limit of proportionality 
Available as sheet, strip and wire, in a range of tempers to tons per sq. inch 47.50 
suit users’ requirements, and as rod, tube, precision rolled Fatigue limit 
hair-spring strip, and silver-faced contact bi-metal strip. tons per sq. inch + 19-20 
‘Be B Vickers pyramid hardness 
ie E 350-420 
Electrical Conductivity 
JOHNSON, MATTHEY & CO. LIMITED, per cent I.A.C.S. 23-25 
Controlling MALLORY METALLURGICAL PRODUCTS LTD. 
73-83 Hatton Garden, London, E.C.! Full details are given in our booklet, 
, Telephone: HOLborn 9277 which will be sent on request. 


G.D. 40 
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DRAYTON 


“Hydroflex’ 
METAL BELLOWS 


These bellows are formed from the 
initial tube in one gradual con- 
tinuous operation, resulting in a 
uniformity of wall thickness un- 
attainable by any other method. 
The tough resilient product is~ 
tested to many times the maxi- 
mum rated working pressure dur- 
ing formation. Customers’ end 
plates can be fitted prior to form- 
ing so that the soldered joint is 
also pressure tested. 


For Gland Seals ; Refrigeration 
Control; Thermostatic and 
Pressure Operated Devices, etc. 


A PACKLESS GLAND WITH 
OUTSTANDING ADVANTAGES 


@ Every Gland uniform @ Absolutely reliable in 
in life and performance. operation. 


@Q Pretested during @ Provision of closed 
forming. end eliminates one joint. 


Root Diam. 3/8”to3” Outside Diam. 9/16” to 44” 


6S RT SS SR SS SS ER SR ES ED 


DRAYTON REGULATOR & INSTRUMENT CO. LTD, 
WEST DRAYTON West Drayton 2611. MIDDX. 


SR RS NR A a ESSE 


[WESTINGHOUSE] @ 


CONSTANT 
VO LF-A®GE 


A.C. & D.C. 


In the following systems, automatia 
compensation is provided for the effecta} 
of mains fluctuations and/or  loaq 
variations. 


The ‘‘Stabilistor”’ 


This device provides an A.C. voltage af 
good waveform, maintained within limiti 
of +2% for all loads between no loadf 
and full load and any input between 19@ 
and 260 volts 50 c.p.s. single-phase A.C 
Closer limits are obtainable if either th 
input or the load are constant. Respons# 
is almost instantaneous and efficiency ji 
about 85%. 


Where the load is constant, a specia 
frequency-compensated model is available; 
which will hold the output voltage constan} 
to within a few parts in 1,000 in spite of 
variations of + 6% in mains voltage ane 
simultaneous or independent variations 
+ 2% in mains frequency. 


““Westat”’ 


A special fully automatic battery charger 
which maintains the battery voltage withij 
fine limits despite simultaneous variatio 
of mains and load. Action is instantaneou 
and, after a power supply interruptior 
the Westat automatically provides a heav 
charge until the battery voltage reaches it 
normal value. No moving parts, saturate 
chokes, gas discharge tubes or barretters. | 


“Noregg”’ 


Similar to the Westat but for direct operatio} 
of D.C. apparatus from the A.C. mainal 
High efficiency and power factor; low 
percentage ripple. 


Write for publications E.E.2 and D.P.IIL to Dept P.S 


Westinghouse Brake & Signal Co. Ltd. 
Pew Hill House, Chippenham, Wilts. | 
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VISUAL TWO-DIMENSIONAL 
delineation of any recurrent law. 


RELATIVE TIMING OF EVENTS 
and other comparative measure- 
ments with extreme accuracy. 


PHOTOGRAPHIC RECORDING 
of transient phenomena. 


SIMULTANEOUS INDICATION 
of two variables on a common 
time axis. 


Completely embracing all the above func- 
tions, the unique Cossor DOUBLE BEAM 
Cathode Ray Tube, as embodied in Model 
339 Oscillograph, is inherently applicable 
to all problems arising in the 


RECORDING, 
INDICATING and 
MONITORING 


of effects and events in Electrical engineer- 
ing ; and in Mechanical engineering when 
the effects can be made available as a vol- 
tage. Recurrent traces are studied visually 
and transients may be photographically 
recorded with Model 427 Camera. 


A. C. COSSOR LTD., 


Instruments Dept. 
Cossor House, London, N.5 


*Phone : CANonbury 1234 (30 lines). 
’Grams : Amplifiers Phone London. 


. 


HIGH 
POLARIZED RELAY 


CARPENTER SPEED 


Main features of Standard model : High 
speed. Short transit time. Negligible dis- 
tortion up to 300 c/s. Contact gap a 
function of input power, hence small dis- 
tortion almost down to failure point. High 
contact pressures. No contact chatter. 
High sensitivity—robust operation at 
SeimyAn sac, lO0tcsasonm0 2 mee D.c. 
Great ease of adjustment. Magnetic bias 
adjustment giving absolutely smooth con- 
trol. Balanced armature—hence immunity 
to considerable vibration and no positional 
error. 


Full details and Test data available on request. 


TELEPHONE 
MANUFACTURING 
co. LTD. 


Contractors to British - Dominion - Colonial and 
Foreign Governments. 


HOLLINGSWORTH WORKS, 
DULWICH, LONDON, S.E.2I 


Telephone 
GIPsy Hill 2211 (10 lines). 
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FOR INDUSTRY 


® FLASH UNITS 

® STROBOSCOPES 

® SOUND & VIBRATION METERS AND ANALYSERS 
@ MOISTURE METERS + 

@ TEST GEAR FOR MASS-PRODUCTION TESTING 


FOR LABORATORIES 


@ PRECISION RESISTORS AND CONDENSERS 

@ A.C. BRIDGES AND OSCILLATORS 

® INSTRUMENTS FOR MEASURING FREQUENCY & WAVE-FORM 
@ VALVE VOLTMETERS AND POWER METERS 


Descriptive Literature ava//ab/e on reguest: 


DAWE INSTRUMENTS LEP 
HARLEQUIN. .AVENUE, ©-GREAWS29 Vy ES teeni@ coe 
BRENTFORD, MIDDX. Telephone: EALING 1850 


YEARS OF 
PROGRESSIVE 


SERVICE TO THE 
ELECTRICAL 
INDUSTRY 
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PHILIPS GEIGER-COUNTER X-RAY SPECTROMETER 


. .. The new Philips Geiger-Counter X-Ray | 
Spectrometer is a revolutionary development | 


based on newly applied principles of diffraction | 


film is required. The speed of analysis is increased | 


fast medium for the qualitative and quantitative | 
analysis of crystalline and certain amorphous 
materials, quickly identifying chemical substances | 
present and their state of chemical combination. _ 
Under optimum conditions of resolution, diff- | 
raction angles are obtained with an accuracy | 
of 0:03 degree. The reflected beams are located 
by means of a highly sensitive Geiger-Counter 
tube mounted on a movable arm that traverses 
the scale. Radiation intensity is integrated and 
totalized by an electro-mechanical counter, while 
average intensity is indicated by a micro-ammeter, 
both connected to the Geiger-Counter through 


and greater accuracy obtained. The Spectrometer | 
is simple, rapid and easy to operate. It provides a | 


technique. Using a direct-reading method, no || 


electronic circuits. 


PHILIPS X-RAY DIFFRACTION APPARATUS 


. This apparatus constitutes the ideal flexibie 
diffraction machine. With a power unit rated at 
60 kvp. 50 ma. any of the modern techniques can 
be readily employed. The full wave rectification 
means a longer tube life because the tube filament 
runs cooler, and for equal target loading the 
filament emission is only about half of that 


tube target, due to deposits of tungsten, is thereby | 
greatly reduced. This results in a clean tube | 


machine are :—Chemical Indentification . Phase | 
Analysis . Solid Solubility Study . Single Crystal | 
Studies . Particle Size Measurements . Metallo- | 


Structure Identification . Stress Analysis . Fibre 
Studies . Process Control . Orientation Studies. | 


PHILIPS = METALIX 


PHILIPS LAMPS LTD, CENTURY HOUSE, SHAFTESBURY AVENUE, LONDON, W.€C.2, 
(149? 


compared with self-rectified or half-wave recti- | 
fication. Furthermore, contamination of the |} 


target, no contaminated radiation to complicate |] 
the pattern on the film, and longer, more efficient |] 
tube life. Among the many applications for this |] 


graphic Studies . Molecular Weight Determination | | 
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Research in Applied Photography 


For many years Ilford Limited have played a leading 
part in rendering photographic service to scientists in 
the. Universities and other research centres, both here 
and overseas, and in industry. They have taken pride 
in these services as part of their contribution to Science 
itsel{i—a contribution which has often been out of all 
comparison to the actual quantities of sensitive materials 
involved. 


The demands for these services have grown apace. They 
have been intensified rather than reduced by the war, as 
photographic modes of investigation have found unex- 
pected uses. Ilford Limited have therefore expanded 
their organisation to cope with such demands by extend- 
ing the scope of their Technical Service Department, and 
by instituting a new Technical Research Department. 
While the former is prepared to deal with requests for 
technical data or assistance in problems arising in the use 
of standard products, the latter is concerned with new 
problems or novel applications which may involve new 
sensitive materials or photographic techniques. 


Among the fields to which Ilford Limited have made 
outstanding contributions are: 


SPECTROGRAPHY 
PHOTOMICROGRAPH Y 
ELECTRON MICROGRAPHY 
CATHODE-RAY OSCILLOGRAPHY 
PLATES FOR NUCLEAR RESEARCH 
SELECTIVE AND NEUTRAL FILTERS AND WEDGES FOR 
RESEARCH PURPOSES GENERALLY 


Special ILFORD products for these purposes are backed 
by an unsurpassed range of plates, papers and films for 
general work. 


Consult ILFORD LIMITED about your photographic 
problems and the experience gained by us and by you 
will add to the common pool of scientific knowledge and 
technique. 


ILFORD LIMITED - ILFORD - LONDON 
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Oo 500s S 
BEAT "FREQUENCY | 
OSCILLATOR 


AF 200 
FREQUENCY RANGE HARMONIC CONTENT 

50 to 20,000 c/s. Less than 3% over main portion of the 
ACCURACY frequency range at full rated output. 

+ 1% + 2 qs. R.F. CONTENT 

OUTPUT Less than 0°25% at full output. 
2 watts into 600 or 10 ohms. DRIFT 

HUM Less than 10 c/s a day after first half- 

Less than 0°5% at full output. Four of operation. 


PRICE £50 


FURZERILL <i> panAATORIES 


BOR £ HAM, W.O;0SD eae ee 


TELEPHONE : ELSTREE 1137 
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UNCERTAINTY is the designer’s bugbear. 
FIRTH-BROWN high-grade ALLOY STEELS bring 


Engineering Design, materials, which by their endurance 
and reliability, eliminate 


to 
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“Ticonal’” Permanent Magnets 


FOR INDUSTRY 


MULLARD “TICONAL" magnets are the most efficient 
permanent magnets available. A.revolutionary process of 
manufacture, including a new alloy and heat treatment in 
a magnetic field, was developed in our own laboratories, 
resulting in magnets of three times the performance of 
any other commercial magnet produced at that time. 


‘“Ticonal’’ permanent magnets have set a new high standard 
and enable magnetic circuits to be designed with high 
efficiency, resulting in small physical dimensions and weight 
and in many cases an appreciable saving in cost. 


That is why more and more manufacturers in the electrical 
and radio industries are specifying ‘‘ Ticonal ” permanent 
magnets in their products. 


Below are a few typical applications :— 


LOUDSPEAKERS o MOTORS & GENERATORS 
MICROPHONES e TELEPHONE HAND GENERATORS 


PICKUPS e COMPASSES e MAGNETIC FILTERS 
CYCLE DYNAMOS e MAGNETRON FIELDS 
TEMPERATURE CONTROL e SPEEDOMETERS . it 


ELECTRICAL INDICATING & RECORDING INSTRUMENTS 


The experience of our engineers is at your service on any problems connected Wh 
with the design of magnetic circuits. 


THE MULLARD WIRELESS SERVICE CO. LTD., 


} 

\(MAGNET DIVISION) | 
VW 

} 


CENTURY HOUSE, SHAFTESBURY AVENUE, LONDON, W.C.2, 


A | 
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ELECTROMETRIC 
TITRATION APPARATUS 
TYPE-E920 


E = = fea 
TITRATION OF VANADIUM IN STEEL 
WITH N/20 FERROUB AMMON|UI SULPHATE 
ZLECTRODES: BRIGHT PLAT|NUM ANDO 


cool __| saturateo caconee | | 


900 
° 


| 

| 
Fy 2 3 
wes Fe 504 


CCS Fe SO4 
Titration of Vanadium in Steel with N/20 Ferrous 
Ammonium Sulphate Electrodes: Bright Platinum and 
Saturated Calomel. 


Turis apparatus has been designed to supply the need 
= for a robust, self-contained potentiometric titration 
apparatus which is sufficiently simple to be used in routine testing by unskilled 
operators and is yet capable of meeting the requirements of the industrial research 
chemist. 

The apparatus is operated from the 50-cycle supply mains and the end point is 
detected by a “‘ Magic Eye” indicator. Thus there are no batteries to be replaced 
and no delicate galvanometer to be damaged by mechanical shocks or electrical 
overloads. A special circuit eliminates all possibility of drift during a titration, 
and changes of mains supply voltage do not give rise to any inaccuracies. 


OTHER TYPES OF MULLARD APPARATUS 
HIGH AND LOW FREQUENCY A.C. BRIDGE EQUIPMENT. GRAIN MOISTURE METERS. 
CATHODE RAY OSCILLOGRAPHS. CONDUCTRIMETIC APPARATUS. BEAT-FREQUENCY OSCILLATORS. 


Sole Proprietors. = :Monufocturers:= 


THE “AUTOMATIC COIL. WINDER GEL 


WINDER “HOUSE: +" D 
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Gretting 


Down 


The 50-range Model 7 
Universal AvoMeter is the 
leader of the world-famed 
range of ‘‘Avo”’ Electrical 
Measuring Instruments 
which are appreciated for 
their compact portability, 
dependability, and a 
steadfast accuracy which 
is often used as a standard 
by which other instru- 
ments are judged. Fully 
descriptive pamphlet 
available on application. 


LAS: STREET: 


Or course you don’t have to take us too 
literally, but we assure our innumerable 
friends that we are pressing on with the 
production of all the well-known ‘“ Avo” 
Testing Instruments with a view to speeding 
up delivery dates as time goes on. 


Meanwhile we have not neglected to use 
the advances perfected during the war 
years, and the several new Instruments 
scheduled for early production will measure 
up to the traditional “‘Avo” standards 
of accuracy and reliability. 


(Bega. Trade Mark) 


ELECTRICAL TESTING INSTRUMENTS 


ECT TRICAL EQUIPMENT. CO. LTD. 


eo L ON TELEPHONE, VICTORIA ‘3404/8 
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Apparatus 


An Improved Lightweight 
Instrument for the Psychiatrist 


The advantages of this new apparatus are 
that it is simple and quick to operate, it is 
absolutely safe both for patient and doctor, 
and it is light in weight and handy in size. 
It is robust so that it stands up to the strain 
of routine practical use, and it has been 
designed in such a way that the risks of 
technical breakdown have been reduced to 
a negligible minimum, 

Its improved design is based on the rejection 
of the idea that the convulsant dose can be 
calculated in advance by measuring the 
resistance of the patient. Circuits for the 
measurement of this resistance have there- 
fore been eliminated, thus _ simplifying 
not only the construction but also the 
working of the apparatus. (Gerald Caplan, 
J.Ment.Sci., 1945, 91,200). 

A new type of electronic time switch is 
incorporated, which gives an entirely safe 
andreliable performance under all conditions. 
An arrangement of push button switches 
STANDARD MODEL. 200/250 volts, 50 prevents accidents to the patient or the 
gets AC Th oi aor rot Jy rang sa while the electrodes are being 
cabinet measuring 9 in. X 9 in. X 8 in., and adjusted, and at the same time reduces the 
weighs 16 Ibs. actual procedure of administering the shock to 
PRICE. 40 guineas. One year’s guarantee. its simplest terms. For this reason, and also 
Models are available for immediate delivery on because the apparatus is so small and easy to 


14 days trial. ave: 
ea handle, the treatment timeis greatly reduced. 


| MULTITONE ELEGTRIC GOMPANY, LIMITED. 


Peo) Ste john Strect, Clerkenwell, London. Eo Gl 


C.R.C, 103 
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Telecommunication Measuring 
Instruments. 


Telecommunication Components, 
Loading Coils for Telephone 
Cables. 


Toroid Cores, Coils and 
Transformers. 


Magnetic Dust Cores for all 
frequencies. 


Magnetic Powders. 


Quartz Crystal Units for 
frequencies up to 20 Mc/s. 


Rectifiers for instruments. 


Selenium Photocells etc. etc. 


ie Pate PEEL WORKS, “SALFORD 3° 
Telep riars 6688 (6 lines). _ Telegrams and Cables : **SPARKLESS, MANCHESTER | 


Proprietors: THE GENERAL ELECTRIC Co. Ltd., of Englani 
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CATHODE 
RAY TUBES 


The G.E.C. range of electrostatic industrial cathode ray tubes includes 
four screen sizes down to 14” diameter. Widely used in measuring and 
similar instruments, their outstanding features include :— 


Brilliant screen traces and undistorted frequency response over a wide range. 


Screens for photographic recording or for producing sustained images, when 
® specially ordered. 


Other types of tubes, including those suitable for television receivers 
with black and white screens will shortly be available. 


Detailed technical data sheets are available upon request. 


Osram &6.C Osram 


PHOTO CELLS 


CATHODE RAY TUBES VALVES 


Advt, of The General Electric Co., Ltd., Magnet House, Kingsway, W.C.2, 
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CAMBRIDGE INSTRUMENT Co. Ltd. | 


y 602> 


POTENTIOMETERS DYNAMOMETERS JX G 
ELECTROMETERS WATTMETERS ¢ rs 


GALVANOMETERS THERMIONIC VOLTMETERS 


BRIDGES OSCILLOGRAPHS,. 
RESISTANCES A.C. BRIDGES & SOURCES 
TESTING SETS INDUCTANCES 
UNIPIVOTS CONDENSERS IB 
SPECIAL INSTRUMENTS 
% Sd 


MEASUREMENTS 


HESE two folders give concise technical data of more than 120 
electrical measuring instruments. They form handy reference 
sheets for laboratories, workshops and all organisations where | 
electrical instruments are employed. May we send you one, or both? | 


FOLDER 53-L. describes D.C. instruments. 
FOLDER 54-L. describes A.C. instruments. | 


CAMBRIDGE INSTRUMENT COMPANY LTD. > 


. 13, GROSVENOR PLACE, LONDON. SWI. — 
WORKS: LONDON & CAMBRIDGE. 
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LIGHT EMISSION DURING COOLING OF A 
PLANCKIAN RADIATOR 


Bye bs? CALDIN 
Department of Physical and Inorganic Chemistry, Leeds University 


MS. received 7 December 1945 ; read 15 March 1946 


ABSTRACT. General expressions are derived for the variation of luminous intensity 
with time, and the corresponding integral of the intensity with respect to time, for a 
Planckian radiator of uniform temperature, cooling by radiation from temperatures above 
2000° x. The time-intensity integral for light emitted in a given direction is found to 
depend only on the initial temperature, heat capacity and shape of the body ; the form 
of the intensity-time curve depends also on the surface area and emissivity. Values of the 
time-intensity integral for a spherical total radiator of unit heat capacity, cooling from 
various temperatures, are tabulated. The relevance of these results to the study of certain 
light sources of short duration is indicated. 


Sie UN TROD UW ClO nN 


HE study of transient light sources of short duration presents special problems 
because of the rapid continuous variation of the luminous intensity of the 
source. Examples of such sources are: (a) metal wires burning in oxygen 
(Van Liempt and de Vriend, 1934, 1935); (6) photographic flash powders, such 
as the Agfa powder, consisting of a mixture of magnesium and thorium nitrate 
(Beck and Eggert, 1926); and (c) the photoflash bulb used in photography, such 
as the Sashalite bulb, in which aluminium foil burns in oxygen (Reeb, 1935; 
Van Liempt and de Vriend, 1937). The luminous intensity of such a source 
increases rapidly to a maximum and then exhibits a much slower decrease which 
is roughly exponential with time (Beck and Eggert, 1926; Reeb, 1935; Van Liempt 
and de Vriend, 1937; Kelley, 1938; Projector and Barbrow, 1945). These 
sources exhibit continuous spectra (cf. following paper) and may well consist 
essentially of incandescent solid particles—the oxide produced by combustion 
of the metal—raised to incandescence by the heat of combustion, and cooling 
by radiation. It is thus of interest to compare the declining part of the intensity- 
time curve with the corresponding curves for Planckian radiators, initially at 
a high temperature, and cooling by radiation. Further, the actinic effect of such 
a source, i.e. the density of a photographic plate exposed to it under given 
conditions, will depend (neglecting reciprocity-law failure) not on the maximum 
intensity but on the integral with respect to time of the intensity, 1.e. the area 
under the intensity-time curve; so that the value of this integral for a Planckian 
radiator is also of interest. Experimental values for the time-intensity integral 
for the above sources have been given by Beck and Eggert (1926), Eder (1930), 

~ Reeb (1935), and Van Liempt and de Vriend (1934, 1935). 
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In this paper, general expressions are derived for the variation of luminous 
intensity with time, and for the integral of the intensity with respect to time, 
for Planckian radiators cooling from temperatures above 2000°K. ‘The derivation 
makes use of the relation already reported between the brightness and tem- 
perature of a total radiator (Caldin, 1945). To obtain manageable expressions, 
the temperature of the cooling body has been assumed uniform and temperature 
gradients ignored. A table of values is given for the time-intensity integral 
for a spherical total radiator of unit heat capacity, cooling from various tem- 
peratures; this allows easy calculation of the value of the integral for other simple 
cases. The conditions necessary for the valid application of the theory to data 
on actual sources are being examined by Dr. F. R. Booth. None of the published 
experimental work is complete enough to allow a satisfactory test of the theory ; 
some new experimental work will be presented, it is hoped, in a subsequent 
paper. 

The question of units of intensity arises.. Calculations using the Planck 
equation and the standard C.I.E. relative luminosity data give values of 


{ V,J,dX. Here V, is the value of the C.I.E. relative luminosity factor at the 
10) 


wave-length A; J,dA is the total energy flux from unit area of the total radiator 
between the wave-lengths A+dA/2, as given by Planck’s equation. If J,dd 
is expressed in watts per cm?, the luminous flux per unit area is then given in 
lightwatts per cm?, according to the definition of Moon (1936). It would be very 
‘convenient if corresponding units were in use for intensity, brightness, etc., 
as well as for luminous flux. The brightness of a total radiator would be given 


in these units by =| V,J,dA; and the intensity in a given direction would be 
0 


a | V,J,dX, where A’ is the projected area of the total radiator on a plane 
7 Jo 


perpendicular to the given direction. However, such physically-defined units 


are not in use. Ina previous paper (Caldin, 1945), the values of B= 4 | Vi,J,dA 
TJ 0 


for various temperatures were calculated, and given as values of the brightness 
of a total radiator expressed in lightwatts per cm? of projected area (more 
accurately, lightwatts cm-* steradian). But this is not a recognized practice 
among photometrists, and in order not to raise here the whole question of physical 
definition of photometric units we shall use the international candle as the unit 
of intensity, and the lumen as the unit of luminous flux (cf. International Lighting 
Vocabulary, C.1.E. 1938). The ratio of the lumen to the lightwatt, M, will 
therefore appear in the equations. ‘Thus, the total luminous flux from unit 
iva) . 
, ' Peat brik 
area of a total radiator is M | V,J,d, lumens; the brightness B, is =| V,5,dX 
0 7 Jo 

candles per cm? of projected area ; and the intensity in a given direction is 
Ac : é 

— | V,J,dd candles, where A’ is the projected area of the source on a plane 

0 

perpendicular to that direction. The ratio MW is somewhat uncertain, but we 
shall not need to insert a numerical value for it for most of the purposes of this 
paper. Values of M for various values of the radiation constants, and a general 
method of computation, have been given in a previous paper (Caldin, 1946). 
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The term Planckian radiator is used in this paper to denote a radiator whose 
emissivity is constant with respect to wave-length and temperature, though 
not necessarily equal to unity. The energy flux from such a body at any wave- 
length and temperature bears a constant ratio to that from a total radiator at the 


same wave-length and temperature. The term thus covers both “black” 
and “‘grey’’ bodies. 


§2. DERIVATION OF EXPRESSIONS FOR LIGHT EMISSION DURING 
COOLING OF A PLANCKIAN RADIATOR 
We consider a Planckian radiator, cooling by radiation alone. Its temperature 
will be assumed uniform. The emissivity of the body will be assumed to be 
independent of temperature and wave-length, and the specific heat independent 
of temperature, at the relevant temperatures. The surface is assumed to be a 
perfect diffuser. 
Let 
m=mass of body (gm.) 
A =surface area of body (cm?). 
s=specific heat of body (cals. gm=! deg. K~). 
£=emissivity. 
t=time from start of cooling, in seconds. 
H = total heat content of body, at time ¢ sec. (cals.). 
T = temperature of body at time ¢ sec. (° K.). 
T) =initial temperature of body at t=0. 
7,=temperature of surroundings, assumed constant, and <7). 


= - | V,J,dxX, where J, dd is in watts cm7? 
m7Jo 
B.=brightness of body=luminous intensity per unit projected surface 
iY Ries 
area, in a given direction, in candles cm-? = MB = —|{ Vid da. 
0 


M =ratio of lumen to lightwatt. 
I =luminous intensity, in a given direction (candles). 


ic9) 
W= | B.dt = integral with respect to time of the intensity per unit projected 
0 


area in a given direction; the integral being taken over the whole 
duration of the cooling (candle-sec.). 
K = Stefan’s constant. 


k=KAE/ms. 


By Stefan’s law we have, then, for the net rate of energy loss from the body 


by radiation, 
z Sdhidi=KRABUS IT) Pe | See... (1) 


We have, also, since the temperature of the.body is assumed to remain 
uniform, 


CTSA eae, be ee UP er (2) 
Substituting for dH in equation (1), 


23-2 
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or, writing k=KAE/ms, 
~ dT /dt=k(T*—T,'). <aieaeor 
This may be integrated by partial fractions, giving 
1 a 
pn SNe T-—T ae tee wate 4 
ta geqa | ew T/T HIn(THTYT=T| (4) 


On expanding the two terms in the bracket as series, and inserting the limits 
J, and T, we obtain the following relation: 


t=[(T-8 — T°) /3k] + [T4(T-7 — Ty?) 7k] + eT) 


All the terms of this equation after the first may generally be neglected 
when T,, is of the order of room temperature ; thus, for example,when 7) = 2640°K., 
T=2000°x., and T7,=300°x., the second term is only 1/3000 of the first, and 
Jater terms will be still smaller. Thus, as a very good approximation, we may 
write 


T=(3h+ T+ 9 ee (6) 


From this relation between the temperature and time, a relation between 
the brightness and time is found as follows. «In a previous paper (Caldin, 1945) 


ete : 
values of B (ie > | Vid sda) were given for a total radiator at a series of 
0 


temperatures from 2000°x. to 3120°K.; these were calculated by combining 
Planck’s energy-wave-length-temperature relation with the C.I.E. standard 
luminosity function. It was found that B could be expressed as a function of 
temperature (T’) by an equation of the form 


log, , B=e—B8/2, "We 0 eee (7) 


where « and f are constants which depend on the units used for B and T and on 
the values of the constants C, and C,._ Using Birge’s 1941 values for C, and C, 
(C, =3-7403 x 10-5 erg. sec>4 cm+?, C, = 14384. micron degrees), and expressing 
T in degrees k., the values of the constants are: «=4-279, B=10902. (With 
the values C,=3-703 x 10-5, C, = 14330 (International Critical Tables), we find 
a= 4-275, 8 =10860.) 

For a source of emissivity E (assumed constant with respect to temperature 
and wave-length), the equation corresponding to (7) can be written 


B=akexp(—cil), 2 ee (3) 


where log,,a~«, and c= 8/0-43429,. With Birge’s values of C, and C,, c=25103 
when Tis in °K., and a=1-90, x 104. These values will be referred to asc, and ay. 
Hence for the brightness, expressed in candles per cm?, we obtain 


B,=MB=aliMexp(—c1).* 9 7) eee (9) 


A relation between the brightness of a cooling total radiator initially at 
temperature 7, and the time ¢ which has elapsed since cooling began, is obtained |} 
by combining equations (6) and (9). The result is . 


B.=aEM exp [ —c(3kt + Ty-*)*]. 
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The definite integral of this expression with respect to time from t=0 to t= 0, 
corresponding to the temperature limits T, to T,,, is: 


akKM 
kc? 


W= i gies Gadus Vexo (ea) 1 ae. (11) 
where u=c/T,. This integration presupposes that the relation (9) holds with 
sufficient accuracy down to 7, which may be well below 2000°x., the lower 
limit for the calculated values of B on which equation (9) is based. We shall 
later estimate the accuracy and show that it is in fact sufficient when 7, is of the 
order of 3000° k. 

On replacing k by KAE/ms, and writing f(w) for [(w?+2u+2) exp(—u)], 
and G for a/c? K., equation (11) becomes 


W=MGsiAG)s 6 uc Secenen (12) 


If we insert the values given above for a and ¢, i.e. a, and c,, corresponding 
to Birge’s 1941 values of C, and Cy, and his value of K, namely 1-354 x 10-2 cal. 
cm,” deg-4sec-1, we find G=887 (dimensions: °K.). This value will be 
referred toas G,. (With C,=3-703 x 10-° and C,= 14330, we find G=889.) 

Equations (9) and (12) both refer to the luminous flux in a given direction 
due to unit projected area of the radiating source. ‘To obtain the luminous 
intensity (in candles) in a given direction due to the whole body, at a given time, 
and the integral with respect to time of the intensity (in candle-sec.), we must 
multiply B, and W respectively by A’, the projected area of the body on a plane 
perpendicular to the given direction. 

Thus finally, for the zntensity at time t we obtain 


[= A'B,=aEA'Mexp[—c(3kt+Ty)*], seen (13) 


where /= luminous intensity in candles and the other symbols have already bee 
defined. 
From (13) the znztial (maximum) intensity is seen to be 


toa = GLA M exp(—e)7,) =aE A: Mexp(—4@). .-cees (14) 
and the intensity at time t, relative to the maximum, is 
T/Imax = exp [¢/T) — ¢(3kt + Ty*)*]. Ne eel) 


For the time-integral of the intensity we obtain 
( lat= A’ | Bdt=A'W=MG.ms(A'/A)fu). +002. (16) 
0 0 


Thus the integral of the intensity in a given direction with respect to time 
(A’W)—which is the main factor controlling the total actinic effect of such a source 
as we are considering—depends, according to equation (16), on the initial tem- 
perature (since c/u= T)), the heat capacity (ms), and the ratio A’/A, which depends 
on the shape of the body (for a sphere it is 1/4). It does not depend on the 
emissivity. The initial temperature has the greatest proportional influence; 
whereas the value of A’ W is directly proportional to the heat capacity and to A’/A, 
a small change of initial temperature in the region of 2500°x. (for example) 
produces a change in A’W proportionally about eight times greater. 
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The initial intensity in a given direction, Imax, depends, according to 
equation (14), on the emissivity (Z), projected area (A’), and initial temperature. 
The shape of the intensity-time curve depends, according to equation (15), 
on the emissivity, total surface area, heat capacity (since k= KAE/ms), and initial 
temperature; the time required for the intensity to fall to a given fraction of its 
initial value, for a given value of Ty, is proportional to 1/k, and, therefore, increases 
with (a) decrease of emissivity, E; (b) decrease of specific surface area, A/m, 
and (c) increase of specific heat, s. 

If we are considering the light emitted by a body whose mass, dimensions 
and specific heat are known, but whose initial temperature and emissivity are 
unknown—as generally when we are dealing with the experimental data on these 
transient sources—we can proceed as follows. The observed value of the 
intensity-time integral, with the mass, specific heat and shape of the body, 
gives by equation (16) the value of f(w), and hence of the initial temperature T). 
The observed initial intensity then gives the emissivity Z, by equation (18). 
Then the whole intensity-time curve, or relative intensity-time curve, can be 
calculated from equation (13) or (15), and compared with the observed curve. 
For a source of given heat capacity and dimensions, a choice of values for k and T) 
is enough to fix the whole theoretical intensity-time curve (and its integral), 
since the value of E corresponding to the chosen values of k is at once calculable 
from the relation k= KAE/ms, and all the required constants are then known. 


§3. NUMERICAL VALUES FOR TIME-INTENSITY INTEGRAL 


In the table below are given the calculated values of f(w)=/f(c/Ty) at a series 
of temperatures from 2000°k. to 6000°K., with the value c, for c. Numerical 


a 


Table 1 
ih (671G, f(c1/T)/4) 

Gaye | Cue Tea) 
2000 0-000654 0-097 
2080 0-000984 0-146 
2160 0-00144 0-214 
2240 0-00204 0-303 
2320 0:00281 0-418 
2400 0-00379 0-564 
2480 0-00501 0-745 
2560 0-00650 0-966 
2640 0-00826 123 
2720 0-0104 1-54 
2800 0-0128 Oil 
2880 0-0156 2235 
2960 0:0188 2°80 
3040 0:0225 3-34 
3120 0-0265 SO)S 
4000 0:0977 14-5 
5000 0-233 34-6 
6000 0-394 58-6 


values of the time-intensity integral may be obtained by inserting these values 
in equation (16). In the table are given also values of 671G, J(u)/4, which, as may 
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be seen from equation (16), is the value obtained for the time-intensity integral, 
in candle-seconds, for light emitted in any direction from a spherical total radiator 
of unit heat capacity, cooling from a given temperature 7), if we adopt the value 
G, for G and the corresponding value 671 for M (Caldin, 1946). 


§4. ACCURACY OF FORMULAE (13) TO (16) 


Accuracy when Ty is less than 3120° x. 


a 


It remains to consider the accuracy of the values of J and of | lat calculated 
0 


from equations (13) to (16). The percentage error in J is equal to the percentage 
error in the value of B calculated from equation (8), with the values of a and c 
assumed above; this, as already stated, is not more than 1%. The error in W 
is made up of an error equal to this and an error due to the assumption that the 
relation (8), which has been tested by calculation only down to 2000°x., holds 
also between 2000° k. and the final temperature 7’,, with the same values of a and ¢, 

Actually the relation (8), with the constants a, and c, given above, begins 
to deviate appreciably from the truth below 2000°K. This may be shown by 


Table 2 
logy B logy) B logy) B 
L (Ives) from eqn. Difference from eqn. Difference 
CK.) (17) (a) —(6) (22) (a)—(e) 
(a) (0) (c) 
2000 2-854 2:845 +0-009 2-853 +0-001 
1900 2-572 2-559 +0-013 2-573 —0-001 
1800 2-260 2-242 +0-018 2-262 — 0-002 
1700 3-914 3-887 +0-027 3-915 —0-001 
1600 3-525 3-487 +0-038 3-524 +0-001 
| 1400 4-591 4-518 +0-073 4:575 +0-016 
1200 5-356 5-225 | +0-131 5-310 +0-046 
i 


comparing values of B calculated from it with the values calculated by Ives (1926). 
Ives used the C.I.E. relative luminosity data and the value 14330 micron degrees 
for C,; however, instead of using the actual C.I.E. values, he used a formula 
which reproduced them with an error of the order of 1%; his values of B are 


M 
subject to the same error. He gives values of B,= eer | V,J,dX with the value 
0 


M=1/0-00161. For comparison with the results of equation (8), the correspon- 
ding values of B=B,/M have been computed. ‘These values are compared 
in the following table with those calculated from the equation 


logy) B=4-275 — 10860/T, See eceae) 
in which the constant 10860 corresponds with C,=14330 micron degrees. 
The fourth column gives the difference in log units. 


It is clear that the divergence between the directly calculated values and those 
derived from equation (17) increases with decrease of temperature; it becomes 
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as much as 9% at 1600°xK. Since, however, very little light is emitted at such low 
temperatures, the error in the time-intensity integral will be much less than this. 
This error is best estimated as follows. Ives’ values from 2000° k. down to 1600° kK. 
are represented within 0-2°% by the equation 


1024p B= 4168 = 1003017) rn (18) 


as may be seen from the sixth column of the table above. We can thus use 
equation (18) below 2000°x., down to the lowest temperature which need be 
considered, with the same accuracy as that afforded by equation.(17) between 
2000° x. and 3120°x. Correcting equation (18) to correspond with Birge’s 
1941 values of C, and C,, we get for temperatures below 2000° kK. 


log, B24:172410670/T |e ee (19) 


and the constants in equation (8) become a=1-49x 104, c=24568. This 
gives G in equation (16) as 740. Let these values of the constants be designated 
A, Co, Go, and the values found for the temperature range 2000° to 3120°x. be 
@,, Cy, G;. Then the value of the time-intensity integral for light emitted below 
2000°k. is, by equation (16), [G,ms(A’/A)f(c2/2000)]. The corresponding 
value obtained by assuming the values of the constants a, c, and G, to hold 
over the whole temperature range T, to T, is [Gyms(A’/A)f(c,/2000)]. Thus 
the error in using a@,, c, and G, below 2000°k. would be 


[ms . A’/ AG, f(c,/2000) — Gy f(cp/2000)] wee (20) 


and the percentage error in the whole value of the time-intensity integral for 
a body cooling from a temperature 7) would be 


100 [f(c,/2000) — = fics|2000)]/ fle iT.) Been (21) 


Inserting numerical values, this gives 
percentage error =0:003//(e, 19) ) eee (22) 


Thus the percentage error depends only on Ty, not on k; and, as would be 
expected, it decreases with increase of Ty. For Ty=ca. 3000°K., f(c,/T,) has the 
value ca. 0-02, so that the time-intensity integral for light emitted below 2000° x. 
is about 3% of the total (this fraction depends only on T)), and the error due to the 


use of the values a, and c, throughout is 0:15%. The total error in W would 
then be less than 1%. 


Accuracy with higher values of To. 


So far, only values of T) lower than 3120°K. have been considered. To 
estimate the additional errors in using formula (13) to (16) with higher values 
of T, and the same values a,, c, and G, for the constants, values of B calculated 
from equation (17) may be compared with those derived from Ives’ calculated 
values of B, for higher temperatures, as in table 3. 

Thus the error in calculating B from equation (17) is under 1% with 
Ty =3000°K.; 3% with T,=4000°; 7% with T,=5000°, and 9% with 
T= 6000°K. The percentage errors in calculating J from equation (13), 
or Imax from equation (14), will correspond with these errors. The percentage 
error in the time-intensity integral will be less; we can estimate it by a method 
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somewhat similar to that of the previous section. Values of B derived from 
Ives’ values of B, from 3000°K. to 6000°xK. can be represented within about 
+1% by 

log Ba 4359 11040 oy I na (23) 


in place of equation (17) or (18). Converting the constants to correspond with 
Birge’s 1941 values of C, and C,, we find that the corresponding values of the 


Table 3 
log,) B log,) B ; 
ies ) (Ives) from eqn. (17) Te hoa 
: pve 
(a) (d) 
3000 0-659 0-655 + 0-004 
4000 1-574 1-560 + 0-014 
5000 AAG 2-103 +0:028 
6000 2:504 2-465 + 0-039 


| 


constants a, c and G are a;=2-20, x 104, c,= 25518, G,=980. It may then be 
easily shown that the additional percentage error due to using a,, c,, and G, 
in calculating the time-intensity integral is 


100[G; flea/To) — Ga fles/To) — Grf(eq/3000) + G5 f(cs/3000)] 
[Gi f(¢4/3000) — Gz f(cs/3000) + Gs f(cs/T)] . 


Inserting numerical values, we find, for T,=4000° K., 2:6 %; for 5000°x., 
—4:3%; for 6000°K., —5-4%. 
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ABSTRACT. An expression is derived theoretically relating the initial temperature (J) 
of a total radiator, cooling by radiation, to the spectral distribution of the total energy 
emitted during cooling (i.e. the variation with wave-length of the integral with respect to 
time of the energy flux at a given wave-length). This expression allows the determination 
of the initial temperature of such a cooling source (to which photographic flash bulbs, etc., 
provide approximations), from the spectral distribution of the energy received by a photo- 
graphic plate or other recording device exposed to the source. ‘This spectral distribution 
is compared with that of the energy flux from a total radiator at various temperatures ; 
it is found that for each value of Ty (between 2500° K. and 4500° kK.) a temperature (T) 
can be found such that there is close agreement between the two spectral distributions. 
T, corresponds to the “‘ temperature ”’ cited in the literature for such sources. A linear 
relation is found to hold between T, and T». 


§1. INTRODUCTION 


N a previous paper (Caldin, 1946 b), expressions were derived for the time- 
intensity relation, and the corresponding time-intensity integral, for light 
emission from a total radiator of uniform temperature, cooling by radiation. 

The calculations are of interest because the results can be compared with those 
found experimentally for certain light sources which give continuous spectra 
and may owe their emission to cooling solid incandescent particles. Examples 
include certain sources of short duration, such as those produced by combustion 
of metal wires or foil in oxygen (as in photographic flash bulbs), or by combustion 
of photographic flash powders; and also some continuous sources, e.g. the 
“ Nitralamp”’, a projection lamp in which magnesium ribbon is burned. Besides 
parameters such as the mass, shape and emissivity of the source, the expressions 
derived contain J, the initial temperature. This is not readily accessible, 
though in principle it might be obtained by continuously recording, by means 
of cathode-ray oscillographs, the relative intensities of the light in, say, the red 
and blue regions of the spectrum. Values given for the temperatures of these 
sources have usually been obtained by burning the flash powder, etc., in front 
of the slit of a spectrograph, exposing the plate to the flash during the whole of its 
duration, and comparing the"distribution of density along the spectrogram with 
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the density-distributions produced by sources emitting approximately Planckian 
radiation at various constant temperatures. It is evident that, since the tem- 
perature is falling continuously, the spectral distribution of the total energy which 
falls on the plate (i.e. the spectral distribution of the integral of the energy flux 
with respect to time) will not be the same as the spectral distribution corresponding 
to the initial temperature of the source, and the derived “temperature” will be 
lower than 7). The following values for the “temperatures” of such sources 


have been recorded :— 


Source. “Temperature ”’ Reference. 
(kN 

Aluminium foil in oxygen By 

(phototach tnmp) a 3500 Forsythe and Easley (1934) 

; : Oe 3700 Dziobek (1928) ; 

M og ) 

agnesium ribbon in air { 3750 O’Brien and Russell (1933) 
Magnesium ribbon in oxygen ca. 4000 Eder (1930) 
Thorium nitrate-magnesium | ) 3000-3100 Eder (1930) : 

mixture (equal proportions) | > 3350 eae duke a (1930) 

= Agfa flash powder. | 88 a 


It has not, however, been shown that the radiation from such sources is strictly 
Planckian; indeed, the likelihood of variation of emissivity, and of emission of 
band spectra from AlO and MgO, make this very doubtful. 

In this paper, a relation is sought between the initial temperature 7) of a total 
radiator, which cools by radiation alone, and in which temperature equilibrium 
is maintained, and the ‘“‘temperature”’, 7,, derived from the spectral distribution 
of the time integral of the energy flux. The latter distribution is calculated 
in terms of Ty, using the time-temperature relation given in the preceding paper. 
It is found that the distribution is determined by Ty alone and does not depend 
on any other of those properties of the source which control its rate of cooling. 
It does not correspond exactly with the spectral distribution of the energy 
flux from a Planckian radiator at any single temperature 7,; but a value of T, 
can be found such that the spectral distribution of the energy flux of a total radiator 
at 7,°K. agrees quite closely with the spectral distribution of the time integral 
of the energy flux from a cooling radiator initially at some higher temperature 
T° K. over the whole visible range, at any rate when T, is below 4000°k. Values 
of T,, for various values of Ty, are obtained, and a relation between 7, and Ty 
derived. It is thus possible, from any given value of 7), to find 79, the initial 
temperature; no knowledge of the emissivity, area, specific heat, etc., of the 
source is required, provided only that the emissivity is constant with respect 
to temperature and wave-length. 

Work is in progress in several laboratories to determine the spectral dis- 
tribution both of the time-integral of the energy-flux and of the energy-flux 
at the maximum temperature, for the light emitted by aluminium foil burning 
in oxygen. The calculations of this paper should be of assistance in interpreting 
the experimental results. 
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§2, CALCULATION, OF SPECTRAL DISTRIBUTION OF TOTAL ENERGY 
(INTEGRAL OF ENERGY FLUX WITH RESPECTS TO. iii) 
EMITTED DURING COOLING OF A TOTAL RADIATOR 


The spectral distribution of the energy-flux from a total radiator at temperature 
T is given by Planck’s equation: 


Coe 
mart fe re. (1) 


where C, and C, are constants, and J,dA is the total energy-flux from unit area 
: aN wae 
of a total radiator (watt cm:>*) between the wave-lengths A+ Z (microns). 


The simplified form of this equation, due to Wien, holds for wave-lengths up to 
0-7. within (for example) about 0-3 % at 3000°xK., and within about 2% at 
5000° Kk: 
J i= CX, exp( — CalArts (2) 
The relation between temperature and time, for a total radiator which cools 
by radiation alone, and in which temperature equilibrium is maintained, is given 
to a close approximation by the following equation (Caldin, 1946) 


L= (3D, sg Se i eee (3) 
where 
T =temperature at time ¢(°K.); 7)—=temperature at zero time ; 
k= KAE/ms, where 
K=Stefan’s constant ; 
A =surface area of the radiating body (cm?) ; 
E=emissivity of body, assumed constant with respect to wave-length 
and temperature ; 
m=mass of body (gm.); and 
s=specific heat of body, assumed constant with respect to temperature 
(cal gm.) depo k="): 
Substituting in equation (2) the value of T given by equation (3), we find for 
a eres with time of the energy flux per cm? per micron at a given wave- 
engt 


J, = CX exp | - 23 Re + 79) | : Stay 


The definite integral of this expression with respect to time, from t=0 to 
$100, 1S 


SE Cas AT, ~—PaAT Ae 
‘i J ,dt= CRT? E Se C, +2(72) |exn(-cxary). dobonc (5) 


This is the required expression relating the wave-length to the integral 
with respect to time of the corresponding energy-flux per micron per cm? 

It may be compared with equation (2) and we see that whereas, at a given 
temperature 79, the variation J, with wave-length is given by the expression 


Ji7,% [Asexp (= GE/ATS)] me eee (6) 
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the variation with wave-length of the time integral of J,, for cooling from 7), 
is given by an expression containing an extra term: 


a , 2r0T ONG he NN 
J jdt 5 —C,/ 2 : 
ii i ~| aus cunt) |[ 414 C; +2() pI 


It is convenient to express the spectral distribution with respect to unity 
at some wave-length. ‘Thus, taking the values relative to that at A=), =0-59 p, 
and combining (6) and (7), we obtain: 


\ Side / I, DT d(T mle mille 2ue eee 2e,eoe2) 


where Ab Coe Ol —Agl Co 


The values of the second bracket in the right-hand side of equation (8) are 
a measure of the difference between the spectral distribution of the energy radiated, 
to a bolometer or a photographic plate, from a total radiator maintained at 
temperature 7), and that of the integral with respect to time of the energy flux 
from the same radiator while cooling from Ty. It will be seen that the latter 
energy-distribution depends only on the initial temperature, 7), and not on the 
parameter k, which is also concerned in determining the rate of cooling. Thus for 


any value of Ty we can plot curves of ( le J; dt | [; Josg at )o, against A, which 


will be valid for all total radiators, provided that the assumptions implied in the 
use of equation (3) are fulfilled. These curves may be compared with the curve 
of (J,/J.59)r against A, i.e. with the spectral distribution of the energy-flux at 
a given temperature, 7, for various values of T. If the two.spectral distributions 
agree fairly closely for some value of T, say T,, then T, is the ‘‘temperature”’ 
of the transient source obtained according to the methods mentioned in the 
introduction. 


§3. RESULTS AND DISCUSSION 


Calculations of ( IF J, dt/|, ores dtr, have been carried out for the follow- 


ing values of 7):—2500°, 3000°, 3500°, 4000° and 4500°k. ‘The spectral-energy 
distribution tables of Skogland (1929) and Frehafer and Snow (1926) were used 
as sources of values of J,/Jy.;, at a series of wave-lengths in the visible region 
Skogland’s tables, using the value C,= 14330 micron degrees, cover the range 
2000° x. to 3120°K. in steps of 20°; they have been used for temperatures up to 
3120° k., with the corresponding value of C,. Frehafer and Snow’s tables, using 
the value C, = 14350 micron degrees, cover the range 1000° to 28000° k.; they have 
been used, with the corresponding value of C,, for temperatures above 3120°K. ; 
their interval is 250° inthe relevant range. To make the two sets of data accurately 
comparable, all the temperatures used in connection with Skogland’s tables 
might be multiplied by 14350/14320, but the corrections are at most six or seven 
degrees, and are smaller than the uncertainty in 7,; they have therefore been 
neglected. 


354 E. F. Caldin 


The data obtained for the curves of (fe Jat | |, Tongs dt)», for the several 


values of J, are given in table 1 below. For each value of 7), there is given for 
comparison the data for curves of (J;/Jo.59)r against A for suitable values of T, 
in the region for which the two spectral distributions are similar. Except 
for Ty=4500°., the middle value given for T is 7,, the value of T which gives 
the closest agreement between the spectral distribution of the time-integral 
of the energy-flux of asource cooling from To, and that of the energy-flux of a source 


Table 1 
(i) (ii) 
Ty=2500° K. T)=3000° x. 
| 
i | nee 
; I, J, dt a : 0 A a 
(oo) fc 0) * 
(| [, Zoos a eee (1) |], Joss at oe 
T)= T= | T= | T= it, T= | T= | T= 
2500° x. | 2180 | 2200 | 2220 3000° x. | 2540 | 2560 | 2580 
0-32 | 0-0029 | 0-0018 | 0-0019 | 0-0021 || 0-32} 0-011 | 0-0067 | 0-0071 | 0-0076 
0-40] 0-044 | 0-035 | 0-037 | 0-039 || 0-40} 0-094 | 0-074 | 0-077 | 0-080 
0-45) 0-137 | 0-121 |0-125 | 0-129 |] 0-45} 0-225 | 0-198 | 0-202 | 0-207 


0-50 0-327 0-303 | 0:314 | 0-319 0:50 0-435 0-409 | 0-415 | 0-420 
0°55 0-644 0-632 | 0-636 | 0-641 0-55 0:723 0-709 0-7125|:0 7116 
0:59 1-000 1:000 | 1-000 | 1-000 0-59 1-000 1:000 | 1-000 | 1-000 
0-65 1-699 te /2 See O76 9D 0-65 1-470 1-490 | 1-479 | 1-469 
0-70 PAS 24509 2-41 2-374 0-70 1-884 MONA | thet) |) abeevors 
0:72 2°726 2°762 | 2°712 | 2-664 0:72 2-053 2°078 | 2-050" 12-023 
0:76 3383 3-408] 323329 113-258 0:76 2-384 2°395. 23569) 23340 


(iii) (iv) 
Tie 35 00m Ke T )=4000° x. 

ie.e) i; ic 2) 

le 3 at AG; ip J, dt jf 
‘ a J 0-59 a a J o-59 
(u) is J g-59 GE (x) Ie J o-59 dt 

T)= T= | T= = T= T= = = 

3500° k. 2840 | 2900 2960 4000° kK. 3120 | 3250 3500 
0°32 — 0-016 |; 0-018 | 0-021 0-32 — — — — 


0-40 0-122 0-120 | 0-134 | 0-142 0-40 0-190 0-173 | 0-200 | 0-257 
0-45 0-318 0:271 | 0-286 | 0-302 0-45 0-412 0-344 | 0-378 | 0-446 
0:50 Oessii 0-491 91 0507, 41/0-522 0-50 0-615 0:563 | 0-595 | 0-654 
0:55 0-783 O°703,91- One 73m) rps. 0°55 0-831 0-806 | 0-824 | 0-856 
0:59 1-000 1-000 | 1-000 | 1-000 0:59 1-000 1-000 | 1-000 | 1-000 
0-65 S23 153572115335) 912315 0-65 1-230 1:265 | 41-2305 dad7a 
0-70 1-586 1632-7 | $587.9) 1-546 0-70 1:394 12447) | 4-381 3270 
0-72 1-684 i732, || 4-678 Vi A-627 0-72 1-454 1:509 | 1-429 | 1-298 
0:76 a= OT 2 lees 2 etcr TO 0-76 — 
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(v) 
T,)=4500° x. 
nao 8) J 
A iF aa ee 
(x) |}, Jo-s9 dt 1p? 
= = T= T= 
4500° k. 3250 3500 3750 


0-32 — — — — 

0:40 0-245 0-200 | 0-257 | 0-320 
0-45 0-504 0:378 | 0-446 | 0-514 
0-50 0-692 0:595 | 0:654 | 0-712 
0-55 0-871 0-824 | 0-856 | 0-886 
0:59 1-000 1-000 | 1-000 | 1-000 
0-65 (eNO HAO |) howky Sls | less: 
0-70 1-266 thesxeyil |] ile 740) || ileiley? 
0-72 1-302 12 ON ZO 3 ait 96 
0-76 — = = = 


at constant temperature 7, over the visible range. ‘The other two are values, 
on either side of T,, for which the agreement definitely appears inferior; they give 
some measure of the uncertainty in 7}. 

It will be seen that, for each temperature 7), some temperature 7, can be found 
such that the two spectral distributions agree fairly closely. ‘The discrepancies 
(with the best values of 7) increase with 7), and so does the uncertainty in T\. 
Thus, when 7,=2500°k. the maximum discrepancy (over the wave-length 
range considered) is about 1 % of the value at 0:59, and 7, can be determined 
within +20°; but when 7,=4500°k., the maximum discrepancy is about 4% 
of the value at 0:59, and 7, can only be fixed within about + 150° (agreement 
at the lower wave-lengths is best with 7, =3750° k., at the higher wave-lengths 
with 7,=3500°x.). It is, however, evident that, at least up to 7) =4000° K. the 
spectral distribution of the time-integral of the energy flux will agree within the. 
usual experimental error with the spectral distribution of the energy-flux for some 
temperature T,. The values of 7, corresponding to various values of 7), and 
the approximate limits of the uncertainties in 7, are summarized in the following 
table :— 


Table 2 

WG T, T, calc. from (9) 
( K.) (° K.) (450+0-:70 Ty) 
2500 2200+ 20 2200 
3000 PIM Se A 2550 
3500 2900+ 50 2900 
4000 3250+ 100 3250 
4500 3600+ 150 3600 
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These values of 7, and 7, obey closely the following linear relation : 

T, =4504+0-707) , Se, 
as may be seen from the third column in table 2. Over the range T)=2500° K. 
to 4500°k., therefore, the value of 7, can be determined from the value of T;, 
corresponding to the experimentally-determined spectral distribution of the 
time-integral of the energy-flux, by using equation (9). 

If the radiation from the sources mentioned in the Introduction is in fact 
Planckian within small limits, and if the other assumptions of the treatment 
are justified, the values cited for the ‘temperature’ should be increased by 
amounts between 500°. and 1000°k. to obtain the value of the maximum initial 
temprature 7). "The temperature so obtained for the photoflash lamp is above 
the boiling point of aluminium oxide, which is in the region of 3000° k. (Ruff and 
Konschak, 1926). ‘This suggests that the radiation is possibly not Planckian, 
and that the emissivity decreases with increase of wave-length in the visible 
range. This would be compatible with the work of Liebmann (1930) on the 
emissivity of aluminium oxide. Current experimental work on emissivities 
may throw further light on the matter. Further application of the theory must 
await the completion of this work and of various studies on the burning of 


aluminium in oxygen. 
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DiS CUS SA1Ow 
on papers by E. F. CaLDIN entitled :— 


“The relation between the brightness and temperature of a total radiator.’? Proc. 
Phys. Soc., 57, 440 (1945). 
“The ratio of the new international lumen to the lightwatt.” Ibid., 58, 207 (1946). 
“ Light emission during cooling of a Planckian radiator.” JIbid., 58, 341 (1946). 
“The determination of the initial temperature of a cooling total radiator from measure- 
ments of the spectral distribution of the energy emitted during cooling.” Ibid., 58, 
350 (1946). 


Dr. A. G. Gaypon. I should like to enquire if Mr. Caldin has studied the spectrum 
of his source in detail. Burning magnesium ribbon emits strong MgO bands, and I should 
have expected emission of the green system of AlO in the burning of aluminium foil in 
oxygen. ‘This might affect Mr. Caldin’s determinations of the temperature. 


Mr. L. 'T. Mincutn. I should like to ask two questions: (a) What is a lightwatt ? 
(b) Why is the possibility of chemiluminescence excluded from Mr. Caldin’s discussion 
of the Mg flash ? 

Even if the spectrum is continuous, might not the chemiluminescence spectrum be 
superimposed on incandescence ? Since the body is cooling rapidly whilst the spectral 
distribution of energy is being recorded, it must be difficult to be certain that it conforms 
entirely with temperature radiation. 


Discussion Be, 


Dr. L. HartsHorn. I fail to see any excuse for the term “ lightwatt ”, and hope that 
physicists will refuse to adopt it. Although the author has disclaimed responsibility for 
its introduction, by using it he is helping to burden physics with an unnecc ssary unit. 
I gather that the quantity concerned is power weighted according to its effect on the eye. 
However it is weighted, it remains power, and it is difficult to see why the universally 
accepted unit of power, the watt, is not sufficient. Perhaps some qualifying term like 
“luminous power ”’ is needed for the quantity, but it is surely out of place in the unit, 


Prof. A. O. RaNKINE. I agree with others that it is a mistake to use the term 
“lightwatt ” as an apparently new unit, although there is no difference dimensionally 
from the general unit of power. We do not, and, I hope, will not, speak of “ electrical 
watts ”’, “ mechanical watts”’, or “‘ thermal watts”’, for which there would also be no 


justification. 


AuTHoR’s reply. (a) Mechanism of light emission. The purpose of the third and 
fourth papers under discussion is to derive theoretically the intensity-time curves and 
spectral distributions of energy to be expected from cooling Planckian radiators. Until 
experimental investigations now in progress in various laboratories are completed, one 
cannot adequately compare this theoretical model with experiment. Therefore I do not 
wish to rule out chemiluminescence as a possible mechanism. The spectroscopic studies 
of O’Brien and Russell (1933), Forsyth and Easley (1934), and van Liempt and de Vriend 
(1934, 1935) did not reveal any important contribution to the total energy from MgO or 
AlO bands. 

(b) Photometric units. The term “ lightwatt’’ was used by Ives in 1917, and given 
wider currency by Moon in 1936. If we consider an area A cm.” traversed by a uniform 


ao 
radiant flux, the total energy flux is given by A | Jada, where Jada is the radiant flux per 
0 


. CB : ; : : 
cm? in the wave-length range Meee The luminous flux, according to the international 


i a 
definition (International Lighting Vocabulary, C.I.E., 1938) is then Al VJ ,dr, where V4 
0 


is the value of the relative luminosity factor for the human eye at wave-length A. (Represen- 
tative values for 7, have been internationally accepted since 1924.) If J,dd is expressed 
in watts cm7?, the above expression is said to give the luminous flux in lightwatts. The 
term is thus not analogous to the term “‘ mechanical watts’, to which objection is rightly 


foo) (oo) 
taken ; for the ratio of] V4 JadA to | J,d depends on the spectral distribution of J,, 
0 0 


and so is not constant like the ratios of mechanical, electrical, and thermal units of power. 
The main objection to the use of the term is that the values of /; have no special physical 
status ; they are related to the response of a particular type of receiver under particular 
conditions, and would be quite different if the receiver were, say, a photoelectric cell. 
The best specification is, no doubt, a curve or function expressing the spectral distribution 
of energy flux. But a special term for a frequently occurring integral, closely related to 
measurable quantities, is always a convenience, and in its absence one has to employ 
some clumsy device such as that used in the third of the papers under discussion, where 


io 2) 
intensities computed in terms of | V,J,d4 were all multiplied by a constant and expressed 
0 


in candles. Such computations are of increased importance since the new international 
candle, defined in terms of the brightness of a total radiator at a fixed temperature, is 
expected to come into use fairly soon. Perhaps photometrists could suggest a more 
acceptable term. 
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ABSTRACT. Deficiencies of existing theories relating to the propagation of sound 
along ducts lined with porous sound-absorbing materials are discussed. Attention 
is drawn to the wave-nature of the propagation of acoustic disturbances in the lining material, 
and a new theory is put forward in which the propagation of acoustic waves in the com- 
posite system of air space and lining is investigated for two simple shapes of duct. The 
results of the theory are in agreement with those of an earlier theory by Morse as long 
as the attenuation in the duct is not large, but wide divergences appear, in particular 
where the attenuation in the duct begins to approach that characteristic of the propagation 
of sound through bulk lining material. In the latter case it is shown by a particular 
experimental example that the attenuation found in practice is in agreement with the 
theory described in this paper. 


§1. INTRODUCTION 


ARIOUS aspects of the problem of the transmission of sound through 

pipes and channels have been investigated in the past by theory and ex- - 

periment. For pipes with smooth rigid walls, the primary effect of walls 
is to redirect part of the sound by reflection. Apart from the influence of viscosity 
on the thin layer of air near the wall, the energy of the waves is conserved during 
passage along the pipe and the sound is propagated with the velocity characteristic 
of unrestricted air. Pipes with non-rigid walls or with walls absorbent to sound can 
affect the free passage of sound waves considerably, and under appropriate circum- 
stances the presence of the walls leads to rapid attenuation of the sound and to 
substantial modification of its velocity of propagation. 

Theories of the absorption of sound waves in pipes lined with absorbing 
material have been formulated by several authors, with varying success, in terms 
of the acoustic impedance* of the lining material. For pipes or channels in which, 
for example, the attenuation is large, this approach is not valid, and in the work 
which follows, a more complete theory is provided for cases in which the walls are 
lined with porous material which is homogeneous and isotropic. This theory 
takes account of propagation of sound in the lining itself. 


§2. PREVIOUS THEORIES AND THEIR LIMITATIONS 


In the past, the behaviour of an absorbing material in a sound field has most 
frequently been described in terms of the absorption coefficient for normal 
incidence. ‘This quantity is the fraction of the energy of a plane sound wave 
incident normally on the surface that is not reflected by the material. The 
absorption coefficient refers only to the transfer of energy from a wave which falls 

x The use, as in this paper, of the description “ aeouste impedance of the lining’ to refer to 
the unit-area impedance at one surface of the lining when the other surface is backed by a sub- 


stantially rigid wall, and when sound falls at normal incidence on the surface, is general in the 
American literature on this subject. 
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in a specified direction on a surface and, therefore, conveys no information about 
the treatment received by waves which are directed obliquely at the surface of the 
material, as in the case of waves passing through a pipe lined with the material. 

In most recent theoretical studies in acoustics, as, for example, in the theories of 
Morse (1939 a) and others relating to the decay of sound in rooms, the absorption 
coefficient has been displaced in favour of the much more informative quantity— 
the acoustic impedance at the wall. This quantity is the complex ratio of the 
oscillatory pressure at the surface of the material to the resultant oscillatory 
velocity at the surface for a plane wave incident normally on the surface. In 
1939 Sivian showed that by assuming that the oscillatory pressure across the pipe is 
uniform, the propagation characteristics of waves travelling down a pipe lined with 
absorbing material can be expressed in terms of the acoustic impedance of the 
lining and of the geometrical form and dimensions of the pipe. He compared the 
attenuation computed from his formula with the attenuation measured in a circular 
pipe lined with an inch-thick layer of rock-wool. Satisfactory agreement was 
obtained for low frequencies, but for higher frequencies (over 2000 c/s. for a pipe of 
radius 10cm.) the theory failed to explain the comparatively low attenuation found 
in practice. The cause of this failure is not difficult to find, and lies in the assump- 
tion of uniform oscillatory pressure across the pipe. Rayleigh has shown that a 
general acoustic disturbance travels along a tube as a substantially plane wave only 
when the radius is less than 0-29 of the wave-length. For a tube with walls of 
sound-absorbing material, the pressure across the tube is unlikely to be uniform 
beyond frequencies for which the radius of the tube approaches the quarter 
wave-length of the sound, since at such frequencies diffraction effects are insuf- 
ficient to allow uniform diffusion of the sound across the tube. 

The main deficiency of Sivian’s theory has been removed by Morse (1939 b), 
who has derived a theory of the attenuation of sound in uniform, rectangular and 
circular lined ducts for cases wherein the whole effect of the wall-lining on the wave 
can be described in terms of the acoustic impedance of the lining. Morse has 
derived expressions for the attenuation constant for each of the possible modes of 
propagation in the duct and has published comprehensive charts from which to 
evaluate the attenuation constant. Beranek (1940) has applied Morse’s theory to. 
certain cases of square and rectangular ducts lined with rock-wool and has found 
good agreement with experiment. Rogers (1940) has derived theoretical expres- 
sions which are substantially the same as those of Morse and, for the very special 
case of material possessing only a resistive component of acoustic impedance, has 
reduced the expressions to simpler terms. 

Implicit in Morse’s theory is the assumption that the motion at the surface 
depends only on the acoustic impedance and on the local acoustic pressure and not 
on the acoustic pressure eleswhere. For homogeneous material of the porous 
type, this assumption leads to results which frequently are not seriously in error. 
Nevertheless, the assumption is not strictly tenable, and it is proposed in the 
present paper to consider in more detail the behaviour of acoustic waves in a lined 
pipe. 

It has been surmised (Crandall, 1927) that sound is propagated as an attenuated 
wave in a porous material, and recent work (Scott, 1946a) by the author has demon- 
strated that this view leads to an accurate description of the acoustic disturbance in 


24-2 
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the material. Part of the initial energy of a wave which travels along a pipe lined 
with porous material is, therefore, transmitted through the lining itself. The 
oscillatory velocity at the surface of the lining depends in consequence on the joint 
action of the wave disturbances inside and outside the lining, and cannot be 
expressed merely in terms of the acoustic impedance and the oscillatory pressure 
at the surface of the lining. In the theory which is given below, the course of the 
wave is traced through the composite space of air passage and pipe lining combined. 
The resulting expressions show that, as in Morse’s theory, the acoustic disturbance 
can be resolved into modes which possess fixed propagation constants. Under 
certain conditions, notably when the attenuation in the duct is small and where the 
lining consists of a densely packed collection of fibres, the expressions for the 
propagation constant in the duct tend to the same form as do those of Morse. 
Where the attenuation is higher, as, for example, in narrow ducts and at high 
frequencies in the acoustic range, Morse’s expression gives attenuations of much 
higher magnitude than are given by the more complete theory. 


§3. THE PASSAGE OF ACOUSTIC WAVES ALONG A CHANNEE 
LINED WITH POROUS MATERIAL 

In the theory that follows, the porous lining material is considered as homo- 
geneous and isotropic in so far as concerns the propagation of acoustic waves. 
For such materials it has been shown, both on acceptable theoretical grounds 
(Monna, 1938, and Morse and Bolt, 1944) and by experiment (Scott, 1946 a), 
that any acoustic disturbance in the medium must satisfy a wave equation of 
simple type. 

Thus if the vector v, which will be called the velocity of average flow, represents 
the rate of volume flow through unit area of cross-section normal to v in thelining 
material, it can be shown (see Scott, loc. cit.) that the equation for the velocity 
potential of average flow w, defined so that 


Veu= gtad bias > oe ilanaeneee (1) 
is 


Vy + h2ys =0; mee) 


A is here a complex quantity and is simply related to the attenuation and phase 
velocity of plane sound waves in the porous medium. Thus 


jh=a+jB, 
where « is the attenuation constant and f is the wave-length constant of an acoustic 


~wave in the bulk material. The equation for the acoustic pressure in the pores of 


the porous material can be shown to be given by p=p’ys, and since the present 
concern is only with acoustic disturbances of fixed pulsatance w, this may be written 


p=jop'p. Mere 


ye’ 18 asecond complex quantity which is related to the characteristic impedance of 
the lining material. ‘The parameters h and p’ can be obtained experimentally 
from measurements performed on the material of the lining in bulk (Scott, 
Joc. ctt.). Equations (1), (2) and (3) together describe the acoustical disturbance 
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in the lining of the channel. Corresponding expressions for the velocity potential 
of flow ¢ in the air passage are well known to be 


Vir — ora, teeinnee (4) 
Weeks Se Oa ee | sea (5) 
and io ae oo De eee (6) 


where v is the oscillatory velocity in the air passage, while k is the wave-length 
constant (27/wave-length) and py is the density of air. 

Determination of the nature of waves which travel along the channel involves 
the solution of equations (1) to (6) consistent with the boundary conditions 
imposed by the channel. 


Figure 1. Plan of channel 


Figure 1 represents a cross-section of the channel. Suppose the width of the 
air space is 2d and that the linings are each of depth L. Let x represent distances. 
along the channel and y distances away from the central plane of the channel. 
The equation for % in the linings becomes 


CG Cee 
aye t aye t= 0 ari (7) 
and PZ ITOOAT > spo ese Deni wie seat (8) 
The equations for ¢ in the central air space become 
CE DT eae 
Spas O= 05 8 7 ie etras (9) 
and D=Jopoe a ee) 0 oe siecione (10) 


For any one mode of propagation of a wave along the duct, ¢ and % will have a 
common propagation constant TY such that 


BO i ME bet (11) 
Peete nia Meera (12) 
Substituting these expressions in (7) and (9) and solving, we have :— 
$(y) = Ae + Be” where \?7=T?+R?, 
Wy) = Ce + De” where p? =I? +12, 


and where A, B, C and D are constants whose values are yet to be found. 


When y=0, -F=0, by symmetry , 
A= By fesse ( Loy 
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At the outer wall, y= L +d and the flow velocity normal to the wall ( = ;, ) is Zero; 
JuCemLt® —jpDewet® 
or D= Cerne re DMT ae rss (14) 
At the surface of the lining (y=d), there must be continuity of the average flow 
velocity and of the oscillatory pressure, hence: 
prAe4 —jABe4 = j.Ce#4 — j.De™ 
and 
Po( Ae + Be~ 2) = p’ (Celt + De*4). 
Substituting for B and D from (13) and (14) and eliminating A and C, 
coth(—jAd) _ p’cothypL 
Po r =r in , 
which may be written 
coth(—jv/T?+k?.d)_ p cothy/T2+ 2. L 
VI2+R VIR 
The equation (15), therefore, gives the propagation constant of the mode in terms 
of the dimensions of the duct and the parameters p’ and h of the absorbing material. 


Po 


§4. THE PASSAGE OF ACOUSTIC WAVES ALONG A CIRCULAR 
PIPE LINED WITH POROUS MATERIAL 
Expressions can be obtained in a manner similar to that used above for the 
propagation constant associated with a mode of propagation along a circular pipe 
lined with a layer of uniform thickness of homogeneous, isotropic porous material. 
Figure 2 shows the cross-section of a pipe of radius 6 lined with a thickness (6 — a) 
of porous material. Equations (1), (2) and (3) again give the velocity potential of 


COONS Dating 
eay D5 Ne 
Se ATC os 


u 


Figure 2. Section of tube 


average flow in the material of the lining, and (4), (5) and (6) give the velocity 
potential of flow in the air passage. Let z represent distances along the axis of the 
pipe and let r represent radial distances from the axis. Radial symmetry allows us 


to write 
Om Lomas 
Bist Sie ee 
ss -(S43 ata) 
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If P again represents the propagation constant of any one mode, the velocity 
potentials may be written: 


Pima cece se 22 in pe eR ie te (16) 
ie UMA cl aida eel aR EA CSS (17) 
whence, by substitution in (2) and (5), 
2. 
= ee +)7¢=0, where A?=T2+k?, 
Or 1 
rete + uai=0, where np? =? + h?, 
The solutions for ¢(r) and (r) are, therefore, 
f(r)=AJ(Ar)+ BY (Ar), = = =—«=-_—>—s—s waveee (18) 
b(r) =CJ (ur) + DY (ur). savior a (lo) 


The boundary conditions are as follows: 


r=0, ¢ finite, whence B=0, 


=a, a = a , and 
Jepoh =Jop'ys 
Hence, by differentiation, etc., of (18) and (19), 
AAT, (Aa) = p{CJ (a) + DY, (ua)} ceveee (20) 
puATo(da)=p'{CI (ua) +DY (pay vases (21) 
and 0.=p{CJ,(ub) + DY, (ub)}, 


From the latter equation D= — CJ,(b)/Y,(ub), whence, by substitution in (20) 
and (21) and then eliminating A and C we find, 


poFo(ra) _ p! So(ua)Y,(ub) — Yo(ua)J (ub) 
AS (Aa) pw Sy (wa)Vy(ub) — Yy(ua)Jy(ub) 


and since A? = [? + k? and u2 =I? + A, the equation for the propagation constant P 
becomes 
po Jol VI2+h.0) op’ 
VI2+K SJ (VT2+R.a) VIP+R2 
Jo( VT? +92. a)Y,(VT2 422.6) —V (VE? +h? .a)J (VT? +A2. b) 
J(VT2+h?. a)¥ (VT? +22. b) — Y¥(V 1? +22. a) (VT? +4? .d) 


§5. DISCUSSION OF THEORETICAL RESULTS 


Equations (15) and (22) give series of values of I’ which satisfy the boundary 
conditions for, respectively, a channel and a pipe lined with porous material. Each 
value of I’ is associated with a corresponding variation of ¢ and ¢ across the channel 
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as given by (11) and (12) or by (16) and (17), and, therefore, refers to a particular 
“mode of propagation” of sound in the sytsem. An arbitrary acoustic distur- 
bance at the beginning of the channel or pipe can be resolved into a number of 
these component modes and the separate modes regarded as travelling along the 
tube, each with a wave-front of fixed shape, and with fixed attenuation constant and 
phase velocity. 

Morse’s theory relating to the propagation of sound in ducts leads to a similar 
multiplicity in values of I and, therefore, to the existence of many modes of 
propagation for a given duct. Morse’s theory, which would have held for the 
case of the channel lined with porous material if the motion at the surface of the . 
lining had been always normal to the lining, and dependent solely on the oscillatory 
pressure near the lining, gives as the equation for I’ 


coth(—jVT?+h%.d)_Z 
VT? +R w 


where Z is the acoustic impedance of the lining. It can readily be shown (Scott, 
1946 b) that Z may be expressed in terms of p’, A and L in the following manner : 


Po 


ne Neen. ROCCO 


==(cothyi a ieee Stee (24) 
Morse’s equation for [ may therefore be rewritten in a form which compares 
easily with that obtained in this paper; thus (23) becomes 


coth(—jVT2+k?.d)__, cothjhL 


nm J/P2+k fat ey, 


The two expressions (15) and (25) lead to the same values of the propagation 
constant I’ for cases in which I? is very small compared with h?, that is, when the 
attenuation constant and the wave-length constant associated with the mode are 
much less than the attenuation constant and wave-length constant characteristic 
of the material of the lining in bulk. Low values of attenuation constant are to be 
found in practice for wide air passages (2d>15 cm. for linings of rock-wool). For 
smaller values of d, Morse’s formula gives attenuations which increase without 
limit as d is reduced. Such high attenuations are not found in practice, nor are 
they to be expected, for it is clear that if the air-passage between two linings of 
porous material is reduced sufficiently, the passage of an acoustic disturbance 
along the channel is tantamount to the propagation of waves through a channel 
filled with the lining material. In this case the value to be expected for I’ is that of 
the propagation constant jf of the porous material. An experimental illustration 
of this point is given by the data of figure 3. This figure shows measured values 
of attenuation (in decibels/cm.) determined for a channel with an air-space 1-27 cm. 
wide flanked by two 5-08-cm. thick linings of rock-wool (stillite of bulk 
density 0-08 gm./cm.%). Curve A is the measured attenuation, B is the 
attenuation in the bulk material and Cis the attenuation associated with the 
lowest mode of propagation calculated from Morse’s formula. The latter 
calculation is facilitated by the charts which are published in Morse’s paper. 
The figure also shows the corresponding velocities of propagation of waves in the 
channel. ‘Thus F is the measured velocity, F is the velocity of a wave in the porous 


‘ 
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material in bulk and G is the velocity calculated from Morse’s formula for the 
fundamental mode. The experimental results were obtained under conditions 
in which the disturbance in the channel consisted substantially of the fundamental 
mode of propagation in the channel. The material used for the linings was 
closely similar to that used by the author in a recent paper upon the propagation of 
sound in porous media,* and the experimental values of the parameters h and p' 
therein contained are, therefore, relevant to this material. 

The complete solution of equation (15) or of equation (22) involves a process 
of successive approximation, and in general is extremely tedious; only in 
exceptional cases is the considerable work of computation justified in practice. 
It is therefore important to investigate the conditions under which Morse’s. 
formula gives a value of I’ that for practical purposes is a sufficiently good approxi- 
mation to the true value. The difference between the two expressions depends. 
upon the difference between (I+ h?)! and h, and for this difference to be small the: 
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Figure 3. Comparison of results of experiment and Morse’s theory for a narrow-lined duct. 


real and imaginary components of I? must respectively be much less than the real’ 
and imaginary components of h?. Thus if «, and 8, represent the attenuation 
constant and wave-length constant corresponding to I’, i.e. P=«,+jf,, and if, as. 
before, jh =«+ 8, 
DD? = (ay? — By”) + 27018, 

and h? = (82 — a”) —2ZjaB, 

and, therefore, («,2—,”) and «,8, must be respectively much less than 6? — « and 
af. For most practical sound absorbents of the porous type, 8 and « are of the 
same order of magnitude at all frequencies, and in this case it is necessary that 
neither «, nor 8, be comparable in magnitude to « or 8. ‘Thus, for Morse’s expres- 
sion to apply, the attenuation calculated therefrom must be substantially less than 


that characteristic of the bulk material, and the velocity of propagation of the 
sound (of a given mode) must be much higher than that characteristic of the bulk 


* For the data relating to the material used, see tables 2 and 3 for h and p’ and curves marked 2: 
in figure 6 for the acoustic impedance Z of the lining. 
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material. Satisfaction of the first condition implies, in general, either that the 
quantity Z/pc be large compared with unity, i.e. the impedance Z must be high 
compared with the characteristic impedance of air (p9c), or that the duct width be 
large compared with the wave-length. The existence of low attenuation in the 
duct does not, however, insure that the second condition be satisfied. Where the 
ratio of the wave-length constant f of the bulk material to the wave-length constant 
k of unrestricted air is not very different from unity, f is necessarily of the same 
order as 8, and in consequence Morse’s formula again fails. ‘This state of affairs is 
instanced by the results in the lower frequency range of figure 3. In the case 
considered, the velocity of propagation in the bulk material is only about half that 
in free air, i.e. B+2k. The value of velocity calculated from Morse’s formula is 
lower than that in the bulk material, and in consequence this calculated value of B, 
is substantially greater than 8, which is inadmissible if the results of Morse’s 
formula are to be in agreement with those deduced from the more exact formula 
-of the present paper. ; 

It is instructive to consider the physical conditions which govern the sound 
field in the duct lined with porous material. In Morse’s theory it is assumed that 
the normal component of the acoustic velocity at the lining is given by the ratio 
of the oscillatory pressure at the surface to a fixed quantity (the acoustic impedance 
of the lining), irrespective of the intensity or direction of the wave in the duct. 
Whilst for a uniform wave falling obliquely on the surface of a densely packed 
material this relation is approximately true, it is not in general strictly tenable, 
and Morse’s theory therefore contains the implicit assumption that there is no 
axial component of velocity at the surface of the lining.* Moreover, for a sound 
wave propagated along a duct,.the pressure at the surface is not uniform. The 
attenuation of the sound in the duct implies that the acoustic pressure in the lining 
falls continuously in the direction of the axis of the duct, and in consequence 
there is a forward diffusion of sound in the lining. The pressure gradient 
normal to the surface, and, therefore, the velocity component in this direction, 
is thereby dependent on the pressure at adjacent sections along the duct, and not 
solely on the local pressure as is required in Morse’s theory. 

The discrepancy involved in the application of Morse’s theory to a duct lined 
with porous material can be related in a general way to the attenuation («) and 
wave-length constant (f) associated with the propagation of uniform waves in the 
material. ‘The extent to which the pressure gradient normal to the surface of the 
lining is affected by the acoustic disturbance at preceding sections depends 
firstly on the direction of the oscillatory velocity in the lining. In the air-space, the 
velocity vector is mostly longitudinal, but refraction of the wave at the lining tends 
to turn the vector towards the wall. The “refractive index”’ at the boundary is 
clearly given by the ratio 8/k of the wave-length constants in the two media. 

* The author has shown by means of auxiliary experiments that the velocity in the air-space 
is closely axial even at the boundary surface. For this purpose a shallow duct was built with 
lined walls contained between glass sheets, one-half inch apart, which served as top and bottom 
of the duct. Sound was led into the duct at one end and the field, delineated by illuminated 
smoke-particles, was explored with the aid of a low-power microscope. Over a wide range of 


width of air-space and duct-lining, and for all frequencies between 100 and 1000 c./s. it was 


estimated that the inclination of the particle traces to the axis did not exceed 5° at the boundary. 
‘See Morse and Bolt (1946), p. 92. 
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Where this ratio, and, therefore, the turning action are large, the pressure at a 
point immediately behind the lining surface is not as much affected by the wave at 
preceding sections as where the ratio is small. The gradient of pressure normal to 
the lining is, therefore, less dependent on the disturbance at adjacent sections in the 
former case than in the latter, and the application of Morse’s theory is likely to be 
least in error where £/k is greatest.* 

The disturbing effect on the normal gradient of pressure, due to waves falling 
on preceding sections of the duct, is clearly also dependent on the attenuation 
coeflicient « of the lining material, since where « is high the magnitude of the 
disturbance at one section due to waves at an earlier section is correspondingly 
reduced. The application of Morse’s theory is less likely to be in serious error 
where the density of packing of the material is great, and « is high, than where the 
material is loosely packed. 

The above physical considerations illustrate in a qualitative manner the con- 
ditions under which Morse’s analysis might be expected to be valid for ducts lined 
with porous material, and the conclusions are in satisfactory agreement with the 
deductions which have been made from the mathematical analysis of the present 
paper. . 

§6. CONCLUSIONS 

The theory given above of the propagation of sound between walls lined with 
homogeneous, isotropic porous material provides expressions from which can be 
calculated the attenuation and the phase velocity of any of the possible modes of 
propagation. These modes are, by definition, acoustic disturbances in which the 
wave-front retains a fixed shape and distribution of intensity in its passage through 
the duct. The theory is based on the assumption that any acoustic disturbance in 
the porous lining can be described in terms of a wave equation analogous to that 
which is known to describe acoustic disturbances in air, but containing a complex 
parameter in place of the wave-length constant of the latter. The complex 
parameter implies that a plane wave in the porous material is propagated as an 
attenuated wave, and the real and imaginary components of this parameter are 
readily deducible from the experimentally determinable attenuation constant and 
wave-length constant characteristic at any given frequency of plane waves in the 
bulk material. ’ 

The problem of deducing expressions for the attenuation and wave-length 
constants of any given mode in the duct reduces to the simultaneous solution of the 
wave equations for the air-space and for the lining, subject to the appropriate 
boundary conditions dictated by the geometry of the duct. Solutions to this 
problem are provided for the cases of a channel and acircular pipe lined symmetri- 
cally with porous material. Numerically these expressions can be solved in the 
general case only with difficulty. A number ofimportant deductions are, however, 
readily made. Thus it is shown in the paper that the expression for the propaga- 
tion constant is, under special conditions, substantially in agreement with that 

* For commercially available sound-absorbent materials, B/k is rarely very large, except for 
very dense materials and at frequencies low in the acoustic range. Thus experiments show that 
for very densely packed rock-wool, the phase velocity in the material is about 40 m/s. at 100 c./s., 


which implies a refractive index of 8-6 at the boundary surface. The refractive index for commoner 
materials usually ranges from 1 at high frequencies to 3 at low frequencies. 
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deduced earlier by Morse on the assumption that the effect of the linings on the 
passage of sound through the duct can be fully described in terms of the acoustic 
impedance of the lining. For ducts lined with densely packed sound-absorbing 
material, and for which the duct width is not small compared with the wave-length | 
of sound in free air, Morse’s formulae give results which are in reasonable agree- 
ment with those deducible from the formulae of the present paper. Numerical 
solutions of Morse’s formulae can be obtained without undue difficulty from the 
comprehensive set of charts provided in Morse’s paper on this subject (Joc. czt.). 
Where the sound-absorbing lining consists of a loosely packed material, or where 
the width of the air-space in the duct is small compared with the wave-length, 
Morse’s formulae no longer give a reasonably good approximation to the proper 
solution of the problem. Thus, in particular, the attenuation constant calculated 
from Morse’s formulae is infinite for the case of a vanishingly small air-space, 
whereas it is clear from general physical considerations, as also from the expressions. 
deduced in the present paper, that in this case the acoustic disturbance is pro- — 
pagated with the attenuation constant characteristic of the propagation of sound in | 
the porous material of the lining. Experimental results are included in the paper | 
to illustrate this point. 
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ABSTRACT. ‘The active centre theory of luminescence, with certain assumptions, 
leads to the expectation of exponential growth and decay processes in light emission. 
Measurement has shown the widespread occurrence of exponential processes, though the 
details are much more complex than the simple theory would suggest. The effects of 
changing current density and temperature were examined. The phosphors studied fell 
into two classes, distinguished mainly by the rates of the processes measured. Some 
non-exponential processes were found, especially in long time decay, but none were 
definitely bimolecular. 


Sil AUN AD SOMO NEE AN KON 


HE work described in this and the following paper was mostly done in 
1937-1940. References to parts of it have been published elsewhere 
(Strange, 1938, 1940). It is concerned with the phenomena of light 

emission in luminescent materials under cathode-ray bombardment, especially 
with the very rapid changes which occur during this process and with the changing 
efficiencies observed as conditions are varied. Previous work has largely con- 
centrated on excitation by ultra-violet radiation, and slow phosphorescent decays 
have been studied far more than the more rapid processes. 

It is desirable to define some terms that will be used, though the outline of the 
active centre theory of luminescence will be assumed already known. A phosphor 
or luminescent material means here a solid inorganic base material which has been 
heat-treated, generally with a small addition of some foreign metal or its salt 
(the activator) in such a way that the product emits visible light under a beam of 
cathode rays, ultra-violet or other radiation, ‘The mechanism is a process of 
raising the atoms of the phosphor to higher energy states. Their return with the 
emission of light (luminescence) may be classified as fluorescence or phosphorescence 
according to the characteristics observed, the former being comparatively rapid 
and due to electrons making inner transitions, atomic or molecular, and the latter 
being temperature dependent owing to the metastable states involved (Pringsheim, 
1939). The word excitation must be restricted to the process by which the 
impinging radiation raises electrons from ground states to higher levels of energy. 
The light emission at any moment depends on the number of electrons in excited 
states and on the probability of their return to ground states : the emission increases 
from zero when excitation begins, but attains its final value only after a finite time. 
This is the growth process. When light output has thus become constant under 
steady excitation, the equilibrium state has been reached. After the exciting 
radiation has been cut off, the light emission declines to a low value in a time 
generally comparable with that taken in the growth process; this is called the 
decay process. 
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We may refer briefly to Becquerel’s work (1861). He demonstrated the rapid 
exponential decay with time of the light emitted by uranyl salts (fluorescence), 
while the slow phosphorescent decay of zinc sulphides gave the relation 


GI, = TEE), Re (1) 


where c and m are constants, J, and J the intensity of light emitted respectively at 
the start and after a decay time t. If m=4, the usual bimolecular form results : 


Tg AE ye eee (2) 


Lenard (1928) attempted te explain all long-period decays as due to the sum 
of several exponential processes with different constants. This is an unsatis- 
factory way of interpreting an experimental curve, and to a limited extent the same 
difficulty occurred in the present work. 

Among the few modern papers giving results of cathodo-excitation of 
phosphors are those of Schleede and Bartels (1938), and Nelson, Johnson and 
Nottingham (1939). De Groot’s work (1939), though concerned with ultra- 
violet excitation, is of considerable interest. 

From the active-centre theory may be derived expressions for light output 
during and after the excitation period, if certain additional assumptions are made. 
The treatment given is due to Dr. L. F. Broadway, and it was the original motive 
for the experimental work described below. A similar theoretical deduction has 
since been published by Nelson, Johnson and Nottingham (1939). No use has 
been made of recent work on trapping states, published since this paper was written 
(Randall, Wilkins, Garlick, 1945), but this new work does not appear to afford so 
direct an approach to the problem as the discussion which follows. See also the 
introduction to Part III of the present series. 


§2. THEORETICAL 
(a) Monomolecular or random type of process 


Consider the excitation of a thin slab of the phosphor, of unit area and thickness 
dy, at a depth y from the surface, and having n active centres per unit volume, of 
which number « are in excited states at time ¢ from the start of excitation. The 
slab is assumed to be under a constant beam of z electrons per unit area per unit 
time, and the incident voltage of these electrons, V, is assumed constant (ex 
the straggling and scattering effects when y>0 are neglected). Two probability 
constants are introduced: A for the excitation of centres by incident electrons at 
voltage V, and B for the return of excited electrons to lower states with emission 
of radiation. A must vary with y, but is here assumed constant, since dy is very 
small. A and B are both taken to be independent of 2. 

Then in time 6¢ the number of active centres excited in unit volume is 


64x = Al (n—«x)dt. 


The number of centres decaying with radiation inthe same time is dx = Bx .8t 
Hence the net number of centres excited is 


01x — dyx = {Az (n — x) — Bx} 8t, 
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and the “growth process” is given by 


dx E : 
a = Ain —x(Ai—B) 


or x= Ain{l—exp[—(Ai+B)é]}/(Ai+B). (3) 
Thus at time ¢ the light output in quanta/unit vol./unit time from the thin slab: 
of phosphor is 
L=Bx=ABin{l—exp[—(Ai+B)t}}/(Ai+B), —...... (4) 
which requires an exponential rise of L as the excitation continues, with a growth 
constant Ai+ B. At the end of excitation the constant B is alone concerned, and 
an exponential decay occurs, with decay constant B. 

The total light output from a slab of finite thickness, or [x .dy, neglecting 
the absorption and scattering of light and the possible decrease of 7 as electrons 
penetrate the slab, will be assumed to be of the same form as equation (3) for the 
experimental conditions used, namely, a constant incident voltage at y=0 and, 
complete absorption of the beam, which implies that the value of A applicable to 
the whole slab of phosphor bears a simple relation to A used above. The new 
value of A is denoted by A’. 

At equilibrium excitation, where ¢ is large, the light output becomes 

TEAS 17 (A Cot) ge PO oe re (5) 
from which it appears that Z is proportional to the current density when this is. 
small, while at very high values of z the light output reaches a constant value Bn. 


(b) Bimolecular type 
If the active centre is ionized, the rate of recombination or decay, and hence 
the light output ,will be proportional to Bx? instead of to Bx, and by an argument 
similar to the above, the light output L at equilibrium excitation is given by 
L(2B)=2A'Bin+(A1yf—At/{((AtP+4A'Bin}. (6) 
Again L is proportional to the current density when this is small. If there are x9, 
excited centres at the end of excitation, it is readily shown that, at low current 


densities, 
Xp = +1/(A'in/B). 
With the usual symbols, 


Hence J, = 1(Bxot + 1)?, and from equation (2) y= \/(A’B) at lowcurrent densities, 
when it also follows that the growth curve is at first convex towards the time axis,. 


§3. EXPERIMENTAL METHODS AND RESULTS 
(a) Processes lasting up to 1 millisecond 


The apparatus consisted of a master oscillator generating frequencies from 
500 to 2500c.p.s., which controlled a pulse generator giving a train of rectangular 
pulses of about 100 vy. amplitude over the same frequency range. These pulses 
applied to the modulator of the electron gun in the cathode-ray tube switched the 
electron beam on and off at the frequency required, giving pulses of light from the 
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luminescent screen. A final anode voltage of 5 kv. was used in all the work to be 
described, except where otherwise stated. 


The on and off periods were originally equal, but later the off period was 


A 
Uther | 
Waa 


Figure 1. Null method of estimating growth and decay constants. Abscissae represent time ; 
growth or decay period=500 p sec. 


a. Photocell output, ZnS . Ag, 12 a./cm? 
b. 


c. Cancelling signal. 


‘ se cancelled. 


Similarly d, e, f for ZnS . Ag, 180 pa./cm? 
g, h,i for CaO. Sm, 10 pa./cm? 


Figure 2. Growth and decay for ZnS .Ag: semi-logarithmic plots. 
arbitrary and different for different current densities. 


Light units are 


increased to lessen the effect of incomplete decay of the phosphor sometimes 
observed. 

The light emitted was received by a photocell and amplifier, and the amplified 
signals applied to one pair of plates in a 3-inch electrostatic cathode-ray monitor 
tube. Both parts of this recording end of the apparatus had an overall frequency 
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response which was flat up to one megacycle per second, a necessary condition to 
avoid “‘aperture”’ effects. The cathode-ray tube with the test samples was of 
demountable construction to provide for rapid changes of phosphors during 
operation and of the electron gun when required. 

The apparatus described represented the growth and decay curves on a linear 
time base as shown in figure 1, a, d,g. These were photographed at different 
current densities and worked out graphically to give growth and decay curves 
such as figure 2 for ZnS.Ag. ‘The fundamental exponential character is clear. 

Later improvements extended the range of working down to currents of 
1 a./cm?, and a null method was also developed which allowed the feeding-in of 
one or more exponential voltage signals, derived by charge or discharge of con- 
densers, to the recording monitor, so as to cancel the original trace; growth and 
decay could be separately treated if required, and the exponential time constants 
thus determined much more readily than by the photographic methods, and at 
least as accurately. Perfect cancellation was not usually obtained, but figure 1 
shows some typical results. The left-hand column gives the cathode-ray tube 
trace produced by the photocell output for the material and current density 
indicated, the right-hand column the corresponding cancelling signals as 
recorded without the photocell output, and the centre column gives com- 
binations of the two. 


General survey of Ag class phosphors 


It appeared at once that the lowest available frequency was too fast to give any 
results from manganese activated materials (see § 3(b) below), while many 
oxides, sulphides, tungstates and silicates with other activators (or none) gave 
similar results to ZnS .Ag with the present apparatus, and the term Ag class was 
adopted to include all such phosphors. At the lowest current densities, the 
brightest of these gave non-exponential processes, possibly bimolecular. In the 
more easily accessible range, exponential growth and decay of similar time 
constants were found quite generally, with a faster initial exponential process in 
each (figure 1), which increased in relative proportion with increase of current 
density. The reservation already made regarding the validity of sums of expon- 
entials must be borne in mind in examining table 1, which gives a general survey of 
decay constants found at a current density of 5,.a./cm* (except for CaO. Sm at 
10a./cm?). The fast and slow processes are named « and f respectively. 
Complex emission spectra (bands and fairly sharp lines) of the samarium-activated 
phosphors were here treated as a whole, but for materials described in section 3 (b) 
it was sometimes possible to separate out the decay processes for different parts of 
the emission spectrum. 

ZnS. Ag, the material most used in this work, and typical of the class, contained 
0-01% Ag and was activated with a chloride flux at about 900° c. 

The noteworthy features of these results are: the very rapid decay of zinc 
oxide; the similarity of the tungstates and, in a different range, of the zinc sul- 
phides; and the independence of these measured processes with respect to long- 
time phosphorescence, such as that induced by lead in tungstates, or by copper in 
zinc sulphides. Further, it was shown that ZnS. Ag containing up to one part in 
a million of nickel suffered no appreciable changes in these decay constants, 
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although the phosphorescence was drastically reduced by the nickel. This 
supports the view that while both ionization and random (i.e. exponential) 


Table 1. Decay constants and proportions of processes 


Constant of | Constant of | 
Material & process 8 process % a Weals 


(sec>+) (sec. +) 
ZnO LOS — 95 5 
ZnSe ealOS — 90 10 
CaWO,.Sm 1PeOSs Ale 5 95 
CaWO, LOS 6210* 40 60 
CdWO, ibe AO 6. 104 40 60 
ZnWO, it 0 6.104 20 80 
ZnWO, . Pb Ths Oe Od. 20 80 
SrS . Bi oO So, Oe 60 40 
SrS . Ag iPalOe 1-4. 104 60 40 
Cals)... (Gu teal OS Delos 70 30 
ZnS . CdS. Cu (45% Zn. 5S) Oe Ae5 1 OF 30 70 
ZnS ies WO feS re Oe 50 50 
ins . Cu 1.10° AES 102 50 50 
ZnS . Ag 1102 11083 4 10 50 50 
ZnS . Pb 1 Se OY 1S Oe 50 50 
ZnS . Au de 105 (1533 5 IO 50 50 
Zn SiO, BoA? 1:0 . 104 40 60 
Zn,SiO, . Ag Fs LO- 1:0. 10? 40 60 
CaO .Sm a Oe 5 1108 5 95 


processes may occur in these materials, they are acting in parallel and not con- 
secutively. 


Temperature effects 


Other evidence on the nature of the processes was provided by measurements 
at low and high temperatures. For low temperatures, small sealed-off cathode-ray 
tubes were tested at 20° c. and again when the screen end was immersed in liquid 
oxygen. Forboth ZnS.Agand CdWO, at 100 ya./cm? the « and 6 decay constants 
were unchanged by cooling, but a small increase in the proportion of the faster 
process occurred for each at —180°c. Observations above room temperature 
were made on a demountable tube with the screen end heated in a tubular oven. 
Up to 150°c. ZnS. Ag showed a gradual increase of growth and decay “ constants” 
up to twice their original values, and ZnS.Cu gave a steady decay constant up to 
150° c., with approximate doubling of its value between 150°c. and 250°c. It is 
doubtful if the variations are really significant in view of the widely changing 
efficiencies of the phosphors with temperature, and the much greater variations 
with current density described below. We may say that the rates of growth and 
decay are not profoundly altered by temperature changes, in agreement with the 
view that random electron transitions are responsible for these processes. 


Current density effects 


Apart from changes in proportions of fast and slow decay processes, indications 
were soon met that current density changes also affected the values of the “‘ con- 
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stants” of growth and decay. ‘Table 2 gives decay figures for ZnS.Ag. The 
growth figures were similar in trend, with somewhat greater values for the constants. 


Table 2. Decay of ZnS.Ag 


Percentages of 
processes 


Constants of processes 


From the above results we are justified in assuming the widespread occurrence 
of exponential processes in this class of phosphors, but it is clear that the simple 
theory is far from accounting for the details. The other class of phosphors, the 
Mn class, will now be considered. 


(b) Processes lasting from 1 millisecond to 1 second 


Another circuit, based on a similar idea to that employed in the measurement 
of the constants of the Ag class, was used for this part of the work. The general 
layout of the apparatus is shown in figure 3, and a description is in the Appendix 


(p. 382). 


#360 V.0 


Figure 3. Luminescence decay apparatus. 


25-2 
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The depression of the key K started simultaneously the following four pro- 
cesses :—(a) the scanning of the monitor tube, (b) the decay of the screen under 
test after equilibrium excitation, (c) the rise of potential in the output stage of the 
photoelectric unit due to decrease in the luminescent light, and (d) the ex- 
ponential fall in potential across the condensers of the matching unit, balanced 
against the rise in (c). 

The operation of the apparatus consisted of adjusting the current in the tube 
to the required value, interposing filters between the screen and the photocell 
unit to bring the output signal within the linear range of the amplifier, and then 
matching this signal with one or more signals from the matching unit, varying them 
in amplitude and constants until an accurate null value was obtained. 


a b 


Figure 4. Growth process for Zn,SiO,.Mn. Abscissae represent time ; total period shown 
= 40m.sec. (a) 32 ua./cm?; (6) 200 a./em? Photocell output below, signal from match- 
ing unit above, mixture central in each case. 


The circuit given is for the measurement of decay, but simple alterations can be 
made to adapt it to the measurement of growth. 

One of the main difficulties in the operation of the apparatus was the accurate 
mixing of signals of large amplitude. A satisfactory solution was obtained by 
using a monitor tube with four sets of plates; the three pairs used for the photocell 
output and the matching signals were parallel, and the fourth pair, used for scan- 
ning, was at right angles. One plate of each pair was connected to the second 
anode of the tube. ‘The most important factor limiting accuracy was deflexion 
defocusing, due to voltage differences between the plates. Examples of the traces 
obtained for growth of Zn, SiO, . Mn, using this null method, are reproduced in 
figure 4. 

General survey of Mn class phosphors 


By using no matching signals, the curve of growth or decay could be obtained 
on the monitor, photographed and measured. Decay curves for Zn, SiO,. Mn 
agreed closely with exponentials, apart from a small proportion of an initial faster 
process, as in the Ag class (see figure 5). 

Manganese-activated materials showed the variations from simple behaviour 
already noted for the Ag class of phosphors; their decay constants increased 
slowly with current density, as did the proportion of faster decay process, which 
was also apparently exponential. Zinc aluminate with manganese activator was 
peculiar in having very little fast decay, even at high current densities, and later 
work on Al,O,. Cr (see opposite page) afforded a similar case. 
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The willemite used was Zn,SiO, with 0-3°% Mn. The ZnS.Mn contained 
0-1°%% Mn and was activated at about 1100°c. 

The nature of the growth process differed from the simple theory even more 
than did the decay process. The growth constant was about the same as the decay 


0 /0 20 30 40 
m/sec. 


Figure 5. Decay process for ZngSiO,.Mn: semi-logarithmic plots. Light units are 
arbitrary, and different for the two cases. 


constant at very low current densities, but increased rapidly with current density, 
though scarcely at all in the linear manner to be expected (equation (4)). Figure 6 
shows the changes for Zn,SiO,.Mn. ‘The growth processes consisted of rapid and 
slow parts, though the constant given refers to the slow 8 part. ‘The values for 


Table 3. Decays in manganese class 


Phosphor pa./cem? pone % a process 
(secy+) 
Tine OveMa 1-300 63— 76 2-12 
Zn,SiO, . Mn 1-200 67— 78 0-23 
ZnO .BeO.Si0O,. Mn 1-400 98-123 8-25 
ZnAl,O, . Mn 2-900 130-144 0- 4 
ZnS . Mn 2-600 625-645 0-26 


120 pa./cm? show, for example, that only half the light output comes from the 
B process. If « and f processes are assumed to be of equal efficiency in light 
production from electronic energy, then the current density producing the 
constant of 160 is not 120, but 60ya./em? This correction would considerably 
straighten the curve of the growth constant, making its rise nearly linear with 
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current density (see figure 6,d). In contrast to this, the decay constant changed 
by less than 20% over the whole current-density range of the diagram, emphasizing 
the importance of current density in growth processes as required by theory. 


GROWTH CONSTANT 
& 
S 


PERCENTAGE OF RAPID PROCESS 


Halcm? 
Figure 6. Change of growth processes for Zn,SiO, . Mn with current density. 


a. Slow growth constant observed. 

b. Percentage of rapid process observed. 

c. Original slope of (a)=A‘%+B from equation (4). 
d. Corrected form of (a): see text. 


If B=67, A’=4-3 when 7 is measured in pa./em? 


In general the manganese class materials had a growth process well matched by 
a single exponential at low current densities. At increased current densities 
a good match could be made by two exponentials superimposed. 


Effect of activator content 


Interesting results were obtained by varying the amount of activator in zinc 
silicate. Above about 1%, manganese produces absorption bands in the visible 
region and a marked change of decay rate, shown in table 4. 


Table 4. Change of decay constant of Zn,SiO,. Mn with Mn content 


Decay Peak of 
constant emission 


(secy) (A.) 
5245 


Relative 
efficiency 


5250 
5255 
5263 
5291 
S8igis! 
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Very similar results for Zn,SiO,. Mn were reported by Fonda (1939) using 
ultra-violet radiation. 


Effect of temperature 


With similar arrangements to those described in the measurements on the Ag 
class, the effect of reducing the temperature of the phosphor to —180°c. was 
examined for ZngSiO,.Mn and ZnS.Mn. Only very slight differences in the 
decay constants were observed and they were too close to experimental error to be 
significant. Measurements on Zn,SiO,.Mn were also made at temperatures up 
to 250° c.: the growth constant seemed to be little affected by the change, but there 
was an increase of about 15% in the decay constant. As for the silver class, there 
is no such change as would be expected for processes involving ionization. 


Survey of the more complex materials 


An increase in the sensitivity of the apparatus made it possible to separate 
different parts of the emission spectrum in some cases and show that they had 
different decay constants. 

In place of the photocell unit previously used, two new photoelectric multi- 
pliers were obtained, one with a maximum sensitivity in the red and the other in the 


Table 5 
M ‘al Emission ne rene Decay constants 
ae spectrum epsley (sec>*) 
(uwacm?) 


Meg.SiO, . Mn | Red band 2-500 17-23 ( ) 
: (a), 10-37% 
Blue band 2-500 c. 3000 


Al,O, . Cr Red lines 50-400 210-250 (f) 
Green band 50—400 c. 2500 


ZnAl,O,.Cr_ | Red lines 5-400 60 (B) 
c. 1000 («) 
Green band 5-400 1400-3000 
ZnAl,O,.Co | Red and 5-400 200-800 
blue bands 1500-5000 


ZnAl,0O,.Sm_ | Orange lines 5—400 400 (8) 
Blue band 5—400 2000 


blue-green. With these it was possible to examine materials hitherto too dull for 
test, and also, with the help of suitable filters, to separate different spectral regions. 

The most interesting material was ZnAl,O,.Cr,which has an emission spectrum 
consisting of (1) a green band with a rapid exponential decay and a constant 
increasing from 1400 to 3000sec-! with increasing current density; and (2) a 
group of red lines with an exponential constant of 60 sec>'. With increase of current 
density the proportion of the green component increased, and at the same time a 
rap id red process appeared with a constant of about 1000sec-*. At — 19070. the 
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green also increased in relative proportion, the constant being apparently 
unchanged; the red was too weak to permit a determination. It appears that 
processes typical of both the Ag and Mn classes may occur in the same phosphor. 
It is not clear whether both types can be attributed to the one activator or whether 
the rapid decay regions, for example the higher frequency bands in Zn Al,O,. Cr 
and Mg,SiO,. Mn, are due to the base material. Zinc silicate, which when pure 
has a decay of the Ag type, and when activated by Mn joins the Mn class, might 
by careful control of the degree of activation yield a mixed phosphor of this type. 

The different results are listed in table 5. | They include a group of materials 
with Zn Al,O, as a base and a number of different activators; this is of interest in 
expanding the Mn group of activators by Co, Cr, and Sm. The case of Sm needs 
further examination, for it will be seen that CaO.Sm appears among the results of 
the Ag class in table 1. 

In the last two materials, separation of spectral regions was incomplete 
owing to low luminous efficiencies. 


(c) Processes lasting more than | second 


So far no direct evidence for ionization processes has appeared in these results. 
The lack of marked temperature dependence suggests that ionization plays only a 
subsidiary part. On the other hand it seems certain that the primary process 
responsible for the absorption of the energy of the incident electrons must be one of 
ionization. There is direct evidence of its occurrence in some phosphors, particu- 
larly under photo-excitation: temperature-dependent decays of a hyperbolic form 
have been measured, and photoconductive effects have been observed in cases 
where no such decays were apparent, for example in ZnSe (Miller and Strange, 
1938); and they are also reported for materials such as Zn, Si0,.Mn (Randall and 
Wilkins, 1939). ‘To round off the work already described, it was thought im- 
portant to measure ionization processes in phosphors under electronic bombard- 
ment even if present in very small proportions only. In the work described it was 
not possible to make the comprehensive survey of the subject that was intended. 
All that was achieved was the development of a new method of measurement 
suitable for examining phosphorescent decays when present in amounts less than 
1% of the total initial intensity, and the application of this method to a few materials 
over a limited range of current density. 

The general lay-out of the apparatus was very similar to that given in figure 3 
except that (1) the cathode-ray monitor tube had the usual two pairs of plates 
instead of four pairs; (2) in place of the matching unit a timing unit for calibrating 
the rate of scan of the monitor tube was included ; (3) the time base was extended to 
several seconds in a single sweep across the monitor tube, and (4) the H.T. unit 
of the multiplier had high output and low impedance in order to avoid the effects of 
changes in voltage during the initial sudden drop of light intensity. 

The device was operated as follows :—With appropriate current in the C.R. tube 
(adjust P 5), a value of R, and a suitable filter for the multiplier were selected to give 
a convenient deflexion on the monitor within the previously determined linear 
range. /, was thus recorded in relation to a base line adjusted to the same position 
by the bias control P 2 after each change of sensitivity of the multiplier. To record 
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a decay curve starting from, say, 5°%, of Jy, the value of R, was increased by 20 times 
or the filter suitably changed. Depression of K caused the monitor to trace the 
decay curve ona y-scale 20 times as large as that for J), and still in the linear range. 
The decay curve was suitably disposed on the screen by adjustment of the scanning 
time, which was subsequently determined by calibration time pips recorded on a 
base line with the C.R. tube switched off. The y-axis was traced by alteration 
of P2. The timing unit was free-running, hence the time signals on the x-axis 
could not be accurately synchronized with the depression of K, but the error was 
very small. ‘The traces were read off from a scale on the monitor tube face, or 
photographed and measured later. 


/60 SEC. 
T i Sw ine 
100 ~=—: 160 200 


Figure 7. Decay of ZnS .Cu. Light units are arbitrary, but the same for the decays 
at 1 and 50ya./cm? Logarithmic scales refer to decay at 7 pa./cm? 


In most cases the traces for decay of ZnS.Cu and other materials of long 
afterglow gave a linear relation between time and 1/,/J over the range }$ to 4 
seconds. It has since appeared that this period is too short to establish a bi- 
molecular decay, as the extended results of figure 7 show. These decay curves for 
ZnS . Cu were taken at 3 kv. on an elaborated version of the apparatus, in which a 
cyclic scan showed successive portions of the same decay curve one below the 
other, continuing for any desired length of time. From figure 7 it seems doubtful 
if any part of the decay process can be accurately classed as bimolecular, and even if 
we assume a power law in which m+ (equation (1)), the logarithmic plot in 
figure 7 shows no finality in the slope up to 3 minutes’ decay. A more thorough 
investigation of this part of the problem is evidently required. 
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§4. CONCLUSIONS 


The experimental work shows that processes of exponential form occur widely 
in growth and decay of light output from inorganic phosphors. The random 
nature of the processes is further emphasized by the small effects of temperature _ 
change; that is, the experimental processes are not bimolecular changes which 
have become pseudo-exponential by excess of one “reactant”, as suggested by 
Fonda (1939) for part of the willemite decay process at low temperatures. 

The simple theory fails to account for the complexity of the results, especially 
in the changing proportions and speeds of the simultaneous processes which were | 
measured. There was no definite evidence in favour of bimolecular decay, 
though non-exponential processes were found to be present in the growth at low | 
current densities and in the decay at long times after excitation. 

The phosphors could be divided into two classes, known as silver and manganese |} 
classes, distinguished primarily by the faster growth and decay processes of the | 
former, which contained ‘‘ pure” phosphors besides those activated by Ag, Cu, 
Bi, Zn and, possibly, Pb, Au. The manganese class included phosphors activated 
by Mn, Sm, Cr and Co. A summary of phosphor properties is given in the third 
paper of this series. 
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ACP: PENX 
Description of figure 3 


The apparatus includes— 


(1) A key K which, when pressed, raises the potential of point A from 76 v. to | 
170 v., at the same time disconnecting the valve anode from the 360 v. supply. 


(2) Ascanning unit B consisting of a condenser charged through a MS P4 valve 
acting as a constant-current device. Its operation is controlled by the potential of 
point A which, through potentiometer P3, determines the potential of the grid of 
the valve. The rate of scan is controlled by P3. 


(3) A cathode-ray tube C, which may be demountable, containing the screen 
under test. ‘The cathode of the electron gun is connected to point A and the 
modulator to potentiometer P5, which, with the key raised, determines the current 
through the tube. Depression of the key makes the cathode 94 v. positive and 
cuts off the current. 
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(4) A photoelectric multiplier D with an output stage consisting of two 
KTZ41 valves in push-pull, giving a linear response of 100v. either positive or 
negative in sense. 

(5) A matching unit E consisting of condensers and resistances in series 
connected to the 360-v. supply and the key. With the key up, the voltage across 
the condensers is the difference between A and 360. Depression of the key causes 
the two sides of the condensers to be “shorted” through their respective resis- 
tances ; the potential falls exponentially in each case. 

(6) A special monitor tube F with four sets of electrostatic deflexion plates used 
for observing the results of mixing signals from the photoelectric unit and the 
matching unit. 


CATHODO-LUMINESCENCE: PART II. CURRENT 
SATURATION AND VOLTAGE EFFECTS 


By J. W. STRANGE anp S. T. HENDERSON, 
Electric and Musical Industries, Ltd., Hayes, Middlesex 
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ABSTRACT. The light output from phosphors under steady electron beams has been 
measured at constant voltage and varying current density, and thus “ current saturation ” 
has been found to vary greatly in extent for different materials. Similarly the change 
of light output with varying voltage at constant current density has shown different 
characteristics for different phosphors, but without the expected variations on changing 
the current density. 


SN PRO DiC Mion 


HE preceding paper on cathodo-luminescence (referred to as Part I) was 
| concerned with the variation of light output with time from phosphors 
under a steady electron beam, or decaying after excitation. We now 
consider the variations of light output at eguclibrium excitation when the current 
density or the voltage of the impinging electrons is altered. 
In the early days of experimental work on cathodo-luminescence, Lenard 
(1903) proposed for the light output from a phosphor the law 


(Aa SAY ge arian ieee e (7) 


where is a constant, z is the current, V is the voltage of the impinging electrons, 
V, is a “dead voltage” typical of the phosphor and attributed (Lenard and 
Saeland, 1909) to damaged surface layers, and g=1. This law has been found 
to have limited application only. The fact that in general L increases less rapidly 
than 7 has long been known (as current saturation), while several workers have 
attempted to fit their results to expressions like equation (7) in which q has 
some value, not necessarily integral, between 1 and3. A square law has frequently 
been used in this way (Brown, 1937; Nottingham, 1937, 1939). 

These and other investigators have studied another property of phosphors, 
namely secondary emission characteristic, which by its variability adds to the 
difficulty of accurate light-output measurements. In general these materials 
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show a ratio of less than one secondary electron to each primary one up to an | 
incident energy of, say, 100v. For greater energies, up to several thousand | 
volts, the ratio is greater than one; then at a point commonly called the second 
cross-over the ratio falls to one, and for still higher beam voltages the phosphor 
tends to charge down towards cathode potential and maintain the voltage difference | 
of the second cross-over. Surface contamination caused, for example, by tube | 
baking, or by burning of the phosphor under excessive bombardment, are two | 
causes of changes in the second cross-over point. Other experimental difficulties | 
met in the accurate measurement of the light output at current densities above 
a few ya./cm? are: 


\ 


(1) the raising of the temperature of the phosphor, with consequent change 


ri é } 
in efficiency ; 


| 
(2) the burning of the phosphor, resulting in the destruction of its fluorescent | 


properties, particularly under steady excitation at high current) 
densities ; | 


(3) the non-uniform distribution of current in the exciting electron beam | 
produced by the usual electron-gun systems. | 


Most of the published results for the light output from fluorescent screens have | 
been made using a scanning electron beam, i.e.. moving at speeds of about | 
10° cm./sec. across the screen. It is very difficult to define accurately the 
conditions used in such an operation and to interpret the results obtained. 

Results of measurements under steady excitation have been published by 
Nottingham (1937), who used an evacuated, sealed-off tube containing six 
phosphors deposited on glass plates fixed close to a central electrode, which could 
be used for measuring the current. The improved method described in his. 
later paper (1939) still appeared to be open to doubt on the points raised above, |} 
especially regarding surface contamination which affected the second cross-over | 
point. 


§2. RELATION OF LIGHT OUTPUT TO CURRENT DENSITY AT 
CONSTANT VOLTAGE 

The apparatus used consisted of the demountable tube shown in figure 8. | 
With a rapid pumping system this worked satisfactorily at low current densities, | 
though at high current densities the difficulties listed above were encountered, | 
as in the case of sealed-off tubes. However, by the use of a new ballistic method | 
these difficulties were successfully avoided. | 

A thermionic cathode of the impact type, (Ehrenberg, 1939), in which a| 
tantalum cap is heated to about 2000° c. by electronic bombardment, yielded the | 
necessary high currents. The beam, rendered roughly parallel by the magnetic 
coil N, was defined by the electrodes A, B and C, of which A prevented secondary || 
electrons moving from B to C, B defined the beam falling on the sample and was 
kept about 9 v. negative to A and C, while C collected secondary electrons from 
the sample D for beam-current measurement. A and C were at the final anode 
potential, B had to be in good contact with the tube wall, leaving no gaps, but |] 
separated from the graphite coating E as shown. 
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The glass plate carrying the eight sample phosphor screens was mounted on a 
ground joint in the glass end-plate. The samples could thus be brought into the 
same position under the electron beam inturn. The end-plate was sealed on with 
Apiezon compound Q. 

Preliminary tests were made to confirm the accuracy of beam-current measure- 
ment by means of secondary emission to electrode C; also to check the current 
distribution across the electron beam, which varied by less than 10° at low 
current densities, but became less uniform at increased currents, with the effect 
of spreading out changes in slope of the (light vs. current density) curve. 

The beam-current measurement was made with a mirror galvanometer F with 
universal shunt, giving sufficient sensitivity for steady or ballistic measurements’ 
The light measurement employed a similar galvanometer G with a shunt, receiving 
the output from a photo-cell H and bridge-type D.C. amplifier K. This ampli- 


Figure 8. Apparatus for light-output measurements. 
Electron paths shown by broken lines. 


fier used two LP2 triodes operating over the lower part of their characteristics, 
and gave a very steady and linear output when properly balanced. Colour or 
neutral filters L were used as required. 

Ballistic measurements were made by applying a potential pulse to the cathode 
modulator system of the electron gun for a predetermined time, by means of the 
multivibrator M, and measuring simultaneously the photo-cell output and the 
beam current, each galvanometer being critically damped instead of freely 
oscillating. Control experiments showed this method to be reliable (cf. Mastus, 
1925). The pulse length in ballistic measurements was fixed at 0-1 second, 
which reduced the error due to finite growth period of the light output to about 
2°% for willemite and less for other phosphors. The upper limit of the pulse was 
determined by the possibility of overheating or burning the samples. The 
absence of serious effects was checked by using a screen of CaWOQ,, of which the 
light output is very sensitive to temperature changes. 
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Experimental results 


Measurements made on a wide variety of materials showed that in all cases | 
there was a linear relation between light output and current at very low current |} 
densities, as indicated by equation (5) (Part I). This fact was employed in all | 
subsequent measurements to eliminate various factors irrelevant to the main | 
purpose of the tests. Among these may be mentioned the variation in the intrinsic | 
brightness and in the position of the emission band, differences in thickness of the | 
screen and in the light absorption in the materials. With the original linear slope | 
as a basis for comparison, and taking it as unity in all cases, such variables could be | 
eliminated. The efficiencies given will thus be relative to the efficiency of the | 
initial linear range. It may be noted that the absolute efficiency reported for the | 
most efficient materials is of the order of 10° (Leverenz and Seitz, 1939). 

Three materials were selected for detailed examination: ZnS .Ag which is | 
typical of the group of rapidly decaying phosphors called the Ag class in Part I, | 
and ZnS . Mn and Zn, SiO, . Mn, which both belong to the Mn class of phosphors. 
These last two have been found at low current densities to have growth and decay 
processes approximating to those expected for a phosphor in which the lumine- 
scence is a simple random process. The light output should follow equation (4), 
Part I, if the theory is correct. ‘These materials were also chosen because in |} 
ZnS .Mn and ZnS. Ag we have the same base materials with different activators 


and in ZnS. Mn and Zn,SiO,. Mn the same activator with different base materials. |] 
The comparison should throw further light on the importance of these differences. |] 


The three materials were tested at an incident voltage of 5000 over a current 
range up to 300ua./em? The relative efficiencies determined by the method |] 
described above are given in table 6; these figures do not imply that all the |] 
materials were equally efficient at the lowest current densities. 


Table 6. Variation of light output with current density 
(Relative efficiencies) 


Current density (ua./cm?) 1 | 50 | 100 | 150 | 200 | 250 | 300 
ZnS . Ag 100 | 100 100 100 | 100 97 93 
ZnS . Mn 100 86 72 62°5 57 53 OHO) 
Zn,SiO, . Mn 100 68 50 40:5 36 Bvt ah 30) 

=i calculated 94 D5 14 10°5 8 6 5 


The calculated values for Zn,SiO,. Mn given in table 6 were derived from the | 
simple theoretical expression for light output and the values of A’ and B previously 
found (Part I, equation (5) and figure 6). The failure of these calculated values 
to agree even approximately with experiment was to be expected from the dis- 
agreement already shown in figure 6, where the growth constant failed to conform 
to the linear variation with current density which the theory predicted, and this 
failure persisted even after correction for the proportion of rapid process (see 
Part III). 

The efficiency figures in table 6 seem to indicate fundamental differences in 
properties between the phosphors. The influence of methods of preparation 
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was investigated, and here only minor changes were observed. Zn,SiO,.Mn 
made by four different methods gave values of 31, 34, 41 and 44 for the relative 
efficiencies at 250a./cem? A similar group of ZnS . Ag materials gave 90, 93, 
95 and 97. 

On the other hand, marked changes were observed when the activator content 
was changed in Zn, SiO, beyond the range of about 0-2 to 1:0°% already remarked 
upon in the decay measurements (Part I). Using the same set of Zn,SiO,. Mn 
materials with manganese varying from 0-05 to 5-0%, light-output curves were 
obtained in which, over the range 0-2 to 2-0°% Mn, there was a progressive increase 
in the length of the initial linear part. Above and below these proportions the 
change in form was rapid, with the slope observed at 250 a./cm? lowest for 
0-05% Mn, about equal for 0-2 to 2% Mn, and still greater for 5° Mn. 

Measurements on the three principal materials were made up to current 
densities of 1ma./cm?, but considerable difficulty was experienced in ensuring 
reproducible conditions. ‘The results can be summarized thus for ZnS. Mn 
and Zn,SiO,.Mn: the rate of change of slope observed over the current range 
20-200 wa./cm? lessened at higher current densities, and the curves tended again 
towards a linear relation. ‘There appeared to be no indication of an approach to 
a maximum value of the light output as suggested by the simple theory. 


§3. VOLTAGE EFFECTS 


(a) Growth and decay processes 


It seemed possible that the probability constant for excitation, A (or A’), 
introduced in Part I, might vary with the density of exciting radiation, and thus 
with the voltage of the impinging electrons. Using Zn,SiO,.Mn, experiments 
were made in the apparatus of § 3 (b), Part I, to measure the growth constant, 
which the simple theory requires to be 4z+ B. Some additional difficulty was 
experienced in obtaining satisfactory current distribution across the electron 
beam falling on the sample, owing to the wide range of current density and voltage 
used. Thus the results will not show the maximum changes that may in fact occur. 
Table 7A shows the usual increase of growth constant with current density, 
but no appreciable effect by change of voltage; table 7B shows that the initia] 
rapid growth process decreases in amount with voltage increase at any current 
density (except the lowest used). ‘Table 8 gives comparable results for the pro- 
portion of rapid decay process, x. Other materials behaved similarly, for example 
ZnAl,O,.Mn and Zn,B,O;.Mn. 

Some connexion may be seen between some of the changes in growth and decay 
process so far recorded. In Part I it appeared that increased current density at 
constant voltage caused increases in proportion of rapid growth and decay 
processes. In the present case we have varying voltage, and, since faster electrons 
penetrate more deeply, the average energy dissipation per second per unit volume 
of phosphor is greater for smaller incident voltage at constant power input. If we 
consider both cases in terms of power input it is seen that in each an increased 
amount of rapid process accompanies increased energy dissipation per second per 
unit volume. Compare for example the groups of figures marked in tables 7B 
and 8: the percentages are greater for lower voltage at equal power input. Current 
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Table 7. Growth process for Zn,SiO,. Mn at different voltages and 
current densities 


A. Constants for main process (sec. +) 


Current Voltage (kv.) 
density 

(wa./cm?) 1 2 3 4 5 6 8 
1 a2, 78 79 79 81 73 70 
10 110 111 114 118 118 108 111 
20 il 132 130 122 125 122 122 
50 137, 147 139 eZ 137 143 143 
100 Be, 139 139 135 134 133 137 


B. Percentage of rapid process 


Current Voltage (kv.) 
density = _————______ 
(ua./cm?) 1 2 3 4 5 6 8 
1 9 15 11 9 6 15 22 
10 25 ile 14 9 3 5 4 
20 33 20 17 26 17* 9 10 
50 44 33* 35 38 25 244 25 | 
100 56* | 46 47t 46 38 38 38 


Note: Four independent groups of figures have been selected: those marked * in |} 
table 7 B (0-1 watt/cm?), those marked f in table 7B (0-3 watt/cm?), and similar groups | 
in table 8 (* 0-2, and t 0-8 watt/cm?). 


Table 8. Percentage of rapid decay process («) for Zn,SiO, . Mn at 
different voltages and current densities 


Current Voltage (kv.) 
density 


voltage if the power input is kept constant. 


(b) Value of voltage exponent q 


Tf, as is generally assumed, the rate of energy dissipation in depth varies with 
the speed of the electrons at the particular depth considered, it might be expected | 
that under different current-saturation conditions different values of g (equation (7)) 
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would be found. A further series of experiments was directed towards the deter- 
mination of g at various current densities. The apparatus was similar to that 
described in §2. Certain modifications were called for by the need to maintain 
similar conditions of current distribution at widely varied voltages, whereas 
previously the voltage was kept constant (except in the work described in 
§3 (a)). Unless this uniformity is maintained, the variations in light output due to 
current density changes may easily obscure the effect of voltage changes. It was 
also desirable to increase the current density as much as possible above the 
previous maximum of 300 ya./cm?, to emphasize the expected changes of g with 
current density. 

The electron gun consisted of a cathode of the impact type (Ehrenberg, 
1939), a modulator, an accelerator, and an anode containing an aperture of 0-1 inch 
diameter. The modulator was used only for applying the controlling pulse and 
was at cathode potential during the period of excitation. The current through the 
tube was then dependent on the temperature and emissivity of the cathode and the 
potential of the accelerator, with only slight dependence on the anode voltage. 
No focusing of the electron beam was attempted, as this would obviously alter with 
anode voltage; in consequence the size of the beam striking the screen was also 
independent of the voltage and was determined only by the size of the aperture in 
the anode cylinder and its distance from cathode and screen. 

The usual method of operation was to vary the current in the tube by altering 
the cathode temperature. ‘The latter was difficult to control with precision, and 
it was necessary to take a number of readings scattered about the required current 
density value and construct from them a small section of the current density vs. 
light-output curve at that voltage. ‘The value of the light output at the required 
current could then be read off with a high degree of accuracy. ‘The same ballistic 
method, with pulses of 0-1 second, was used as in the experiments of § 2. 


Experimental results 


Some of the results for the three main materials, Zn,SiO,.Mn, ZnS .Mn 
and ZnS. Ag are given in figures 9 to 11. The most striking of these are the 
results for the first material. Over the wide range of voltage from 300 to 9000V., 
and without any adjustment for Vy, there was no variation in the value of g, and 
over a considerable change of current density, from 5 to 550 ya./cm?, the variation 
was very small. 

The other two materials needed corrections for Vy to straighten the tail of the 
curve. With the extension of the measurements to voltages close to these values of 
V,, the corrections could be made with certainty. The low values of Vo are 
evidence that the screens suffered a minimum of contamination. ZnS.Mn 
showed some instability at high currents and voltages, and a low second cross-over 
of the secondary emission curve, but otherwise both sulphides behaved like 
Zn, SiO, . Mn over a wide voltage range, with a similar small, if not negligible, 
change of q with current density. 

Besides the failure of these materials to show any marked change of q with 
current density, there appeared quite definitely the fact that q is characteristic of the 
phosphor and not the same for all materials. The possibility that this variation 
was due to the absorption of light in the phosphor was considered. It was, 
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Figure 11. Voltage-brightness relation for ZnS . Ag. 
Light units different for different current densities. 
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however, ruled out by measuring the light emitted from the back (i.e. the side 
facing the electron source), and from the front of the screen for ZnS. Ag. There 
was no difference between the slopes derived from the two sets of figures. Some 
such effect would be expected, perhaps only in a much higher voltage range. 

The results are collected in table 9. 


Table 9. Values of g and Vy 


Current density 5 10 10 100 200 550 
(ua./cm?) front back 
| Zn,SiO,. Mn | q | 1-53 1:54 1:59 
Va 0 0 0 
| ZnS . Mn q 1:0 0-98 
V, 200 v. 250 v. 
ZnS . Ag q 1-36 1-36 1-32 
Vo 150 v. 150 v. 150 v. 


The theoretical aspects of the work recorded in this paper, and in the previous 
one on growth and decay processes, are considered in the third paper of this 
series. 
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ABSTRACT. The interpretation of the experimental results in the preceding two papers | 
is attempted, but cannot be adequate without more knowledge about electron absorption | 
in phosphors. Some possibilities are outlined with regard to the mechanism of lumines- | 
cence. There is some evidence in favour of a new type of voltage absorption law. 


§1. INTRODUCTION 


present study, and this paper will examine theoretical matters, commencing _ 

with qualitative aspects of luminescence and proceeding to a more quantita- 
tive discussion of some of the data. We may first enquire what bearing the results. | 
have on current views of the mechanism of luminescence, considering mainly the |] 
evidence from the growth and decay processes. This evidence has already been 
shown to be too complicated to fit the simple theory of the first paper (referred to 
here as Part I), and there is also no clear agreement between the theory and the 
observations on light emission at equilibrium excitation. A more thorough 
knowledge of the processes of electron absorption in crystals is required before 
much progress can be made in interpreting the results: this need will appear 


WV HE two earlier papers in this series have given the experimental facts of the 


again later when empirical quantitative methods are introduced to deal with the | | 


voltage results. Recent developments in the theory of trapping states in phosphors 
may provide a valuable new approach to some of the unsolved problems. So far, 
however, these ideas of Randall and his co-workers (1945) seem to be applicable 
mostly to decays of a much longer order, produced by photo-excitation at energy 
densities of much lower value, than those used in the present work. 


§2. QUALITATIVE ASPECTS OF LUMINESCENCE 


The distinctions between excitation by ultra-violet radiation and by an electron 
beam are wellknown. Photo-luminescence depends on the presence of absorption 
bands which may be of different kinds in the same phosphor, giving different 
decay rates (Kroger, 1939), and possibly different luminous efficiencies. In 
cathodo-luminescence all atoms of the phosphor within the range of incident 
electrons must take part in the primary absorption of energy. This may cause 
excitation without ionization of (a) the atoms of the base material, or (5) the 
impurity “activator” atoms; or it may produce ionization of both kinds of atom. 
Tonization is generally agreed to be the more probable result, and where the acti- 
vator content is small, as in the Ag class, far more atoms of the base material than of 
the activator must undergo this process. Since luminous efficiencies are of the 
order of 10% in cathodo-luminescence, and are similar for materials of widely 
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differing activator contents (0-01% in ZnS . Ag, 1% in Zn,SiO, . Mn), and since 
the active centre determines the frequency of the emission band or lines, it is a 
necessary conclusion that energy absorbed from the electron beam by the base 
material is transferred to the activator atoms before luminescence occurs. This 
transfer may be effected in two ways: either by movement of electrons in the con- 
duction band, and at the same time of positive holes in levels below the ground 
state in the active centres, or, on the other hand, by an “exciton” mechanism 
(Mott and Gurney, 1940, p. 208). The first alternative would be supported by the 
presence of photo-conductivity, which is found in some, but not all, phosphors. 
The second is in agreement with the small amount of very slow phosphorescence 
observed in most cases, for it implies that the final excitation of the centre will not be 
an ionization, and therefore exponential forms may be expected for growth and 
decay processes. 

The lack of temperature dependence in growth and decay (Part I) is decidedly 
in favour of the hypothesis that the light-emission processes do not directly involve 
ionized electrons, but this cannot be taken as a conclusive proof. From the 
converse point of view, well defined non-ionizing processes may sometimes show 
a type of temperature dependence resembling the “ freezing in”’ of luminescence 
in materials where ionization precedes emission. For example, in ZnAl,O,. Cr 
the transition of a 3d electron in Cr++* gives a doublet *#—?G near 6870 a. which 
has satellite lines due to intramolecular Stark effect. The lines of greater fre- 
quency than the doublet are much reduced in relative intensity by fall of tempera- 
ture, and almost disappear at —180°c. ‘The lines of smaller frequency than the 
doublet are not greatly affected in intensity, relative to the main lines, by tempera- 
ture change between —180° c. and 300°c. It would be of interest, though 
difficult, to determine growth and decay constants and luminous efficiency for 
separate lines in this emission spectrum. Again, pseudo-exponential processes 
may be temperature dependent (Part I, § 4). 

The evidence of growth and decay measurements suggests the presence of more 
than one activator level (or group of levels), with different characteristic speeds, 
their relative participation in the process of luminescence varying with current 
density. Shift of emission-band position with altered density of excitation 
radiation would support this view, though conversely the absence of spectral 
shift does not rule out the possibility of more than one level. Certain small 
effects have been found on changing from electron excitation to the less intense 
irradiation by ultra-violet (Henderson, 1939), but an increase of current density by 
40 times in an electron beam at 5 kv. has been found to produce no change in the 
peak position of the ZnS . Ag band, nor has the increase of voltage from 2 to 10 kv. _ 
at constant current density significantly altered the position of the ZnS . Zn band. 

With regard to emission bands, it is probable that some small amount of energy 
transfer occurs by optical absorption. When a phosphor has two emission bands, 
one may be of sufficiently high frequency to excite the other in a separate screen, 
or in layers of the same screen further from the exciting radiation, for example in 
ZnS .Cu or ZnS.CdS.CuAg. The absorption bands concerned are not usually 
intense enough to make the effect important. . 

The assumption of two simultaneous emission processes of exponential form 
reduces to some extent the disparity between the simple theory of Part I and the 
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experimental results. The calculated brightness figures in table 6, Part II, are for 
the slow B process: the difference from the experimental values may then be taken 


to represent the contribution of the rapid « process, if both # and f are equally || 


efficient in light production. Hence by calculation the percentage of rapid proces | 
increases from 6%, at 1 pa./cm? to 63°% at 50 pa./cm? and 78% at 200 pa./cm*. 

‘These percentages are increased if the non-linear values of the growth constant are 
taken from figure 6, Part I. ‘Whe observed proportions of rapid growth and decay 


processes were, however, far less than these calculated values. Also, inconsistent |/) 


values of A’ were found by calculation from the experimental data for light output, | 
growth, and decay respectively. This modification of the simple theory 1s, | 
therefore, of no great use in reconciling theory with experiment, at any rate for | 
Zn, SiO, . Mn. 
The effect of collisions of the second kind has been considered as a possible | 
mechanism to account for increasing growth and decay rates with increasing | 
current density. Ifthe collision of an electron and an excited centre were to cause |] 
an immediate transition with luminescence, a kind of acceleration effect would 
appear as the electron density increased. ‘I'he most noticeable result would bea | 
nearly instantaneous fall of light output at the end of the excitation period owing to | 
the cessation of this acceleration. The fall would increase with current density. | 
There is in fact a very rapid fall at high current densities under scanning |}) 
conditions. Screens of Zn,SiO,.Mn and ZnS.Mn were scanned by a spot of | 


high current density (==5 amp./cm?), when some proportion of the decay occurred |]f 


in a process lasting not more than a few microseconds. This may be regarded |] 
merely as the increased amount of rapid decay (« process, see table 2, Part I); | 
alternatively it could be attributed to an acceleration effect, but for the fact that |] 
there is a similar rapid rise at the start of excitation by high current densities, 
which would not be expected as a consequence of the effect in question. The 
experiments of Part I showed the growth and decay curves to be always similar in 
form if their ordinates (light output) were measured from the initial value, zero or 
I, respectively. ‘There was no suggestion of the dissimilarity which would arise | 
from an acceleration process. A more plausible explanation of the very fast decay Hh 
at high intensities has been given by Mott and Gurney (1940, p. 217), who believe | 
that the lifetime of the excited states determines the decay rate under these con- |} 
ditions. 

A more detailed mechanism is required to explain the changes of speed with |] 
current density in the separate « and £ processes. If it is assumed that the 
lifetime of excited metastable states in the activator atoms may be of the same order |} 
as the observed decay times (cf. Mott and Gurney, p. 209), the following scheme i 
seems to be worth consideration. 

The main excitation occurs, presumably, by ionization of atoms of the base 
material, followed by the recombination of ions with electrons and the generation 
of exciton waves. The excitons raise electrons of the activator atoms from the 
ground state X to non-ionized metastable levels Y. “X and Y are located, according 
to the current theory of luminescence, in a forbidden energy zone between the 
highest full level F of the matrix atoms and the normally empty conduction band. 
Luminescence arises from the transition Y+X, which gives exponential forms 
largely independent of temperature changes. The separation of X and Y must, 
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in effect, havea Gaussian error distribution to account for emission band width and 
shape, though this variation must not affect the transition probabilities. 

Assume now that the X-Y group of levels may take up varying positions in the 
forbidden region, which may happen for activator atoms differently situated in the 
lattice. It seems likely that the probabilities of excitation X-+>Y and emission 
Y—X will vary according to these positions. That is, the energy difference 
F — X will affect the probabilities. Constancy of spectral emission will be assured 
if the separation X —Y remains the same for any value of F —X, apart from the 
differences causing band width. There are thus available a number of transitions 
of different effective speeds. For the experimental conditions of excitation over 
relatively long periods of time, this should result in increased rates of growth and 
decay with increased density of excitation, owing to saturation of the more slowly 
decaying states. 

This preferential saturation should not be observed for times of excitation 
short compared with the decay times, unless another condition is imposed. 
Experiments quoted above showed that in scanning, with excitation times of about 
a microsecond for each screen element, increases occurred in decay rates similar to 
those under saturation excitation. The extra condition necessary to account for 
this is that increased probability of excitation must be accompanied by decreased 
probability of emission between the levels X and Y. The slower transitions 
Y—>X will then be favoured at low excitation densities for any length of pulse. It 
is not evident whether the changes in probability would occur, in the sense 
mentioned, by increase or by decrease of the energy separation F —X. 

The mechanism described could provide the variations with current density 
of a single process, e.g. the 8 process in ZnS.Ag. It would appear to need 
duplication at a higher range of excitation and emission probabilities to explain the 
simultaneous « process, and it is not certain if metastable transitions within the 
activator atoms of the Mn class can be entirely responsible for the slow exponential 
B process observed in cases where the decay constant is of the order of 10% secy1. 

Non-exponential processes, mainly in long-term decay, must have their 
rates determined by the behaviour of ionized electrons and the presence of traps, 
but this type of luminescence, though it has practical applications, is of minor 
importance in electronic excitation. 


§3. DECAY RATES AND CURRENT SATURATION 


This aspect of the experimental results can be considered without reference to 
the mechanism of electron absorption (see §4). Increase of energy absorption 
per second per unit volume of phosphor leads to increased overall rates of growth 
and decay. This appears most simply in the results for constant incident voltage 
(Part1). Similarly, power increase at constant incident voltage causes loss of light 
efficiency, but there is no clear relation between this change and the effects on 
growth and decay. The two kinds of effect may be independent and not occur 
necessarily over the same range of power input. Thus in the case of ZnS. Ag,a 
linear (light output vs. current density) curve between 0 and 200 ua./cm? at 5 kv. is 
accompanied by great increases in speed of growth and decay, while Zn,Si0,. Mn 
exhibits much smaller changes in speed but a considerable fall in efficiency. 
Alternatively, the increased speed in ZnS . Ag may be the reason for the unaltered 
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efficiency, simply by making the centres more rapidly available for re-excitation. | 
This idea is supported qualitatively by considering phosphors in the order | 
ZnS .Ag, ZnS.Mn, Zn,SiO,.Mn. This is the order of increasing degree of | 


current saturation, and also of decreasing speeds. The experimental values of A’ | 


at 0 were 33, 15, and 4-3 secy4ya.—! respectively; of B, approximately 104 | 
to 105, 625, and 67 secz! respectively. These figures suggest that the comparatively | 


large value of B is one reason for the lack of saturation effects in ZnS .Ag in the | . 


current range of the experiments. 


$450 U_ AUN Tp AMI VE AS PAE Cains 


The processes of electron absorption and light emission in phosphors depend | 
on several factors which might be measurable, but on which we have insufficient 
information at present: 


(a) the manner in which electron velocities (or voltages) decrease with the | 
thickness of matter traversed ; 

(b) the effective electron current, which may vary through the slab ; | 

(c) the relation between absorbed energy and light output for any volume | 
element of the phosphor, which involves the method of transmission of 


energy through the crystal as well as the efficiency of conversion to light | 
at the active centres. 


Apart from these major factors there are: 


(2) scattering and straggling in the electron beam, which must be of some 
importance but will not be discussed; and : 

(e) light absorption and scattering, which occur in phosphor layers, but seem 
to have a negligible effect on the results (see Part II, table 9). 


(a) Current saturation 


In Part II, §3 (a), some correlation was obtained by use of the energy parameter_ |} 
instead of separate Vandi values. The current-saturation data for Zn,SiO,.Mn | 
may be examined in a similar way. Owing to the method of plotting current | 
density vs. light output on relative efficiency scales, no values were available for |} 
direct comparison of the curves for different voltages. When plotted with the 
same initial slope, the 4kv. and 10 kv. curves were very similar in shape over the 
range 0 to 600ua./cm? The 4kv. curve is plotted in figure 12,a. The 10kv. 
curve can be calculated from this, using the results of table 9, Part II, since 
brightness at 10kv.=(brightness at 4kv.)x(10/4)%. The values of g for 
Zn,SiO,.Mn in table 9 give a linear relation between current density and 
(10/4)*: from this relation the appropriate values at each current density were taken 
to derive curve b, figure 12. _ If the experimental curve for 10kv. is fitted to this 
theoretical curve, starting from point A, the other marked points are obtained, 
which show a satisfactory agreement to exist between the data of two different 
types of experiment. Next, a and b are replotted on abscissae representing 
incident energy per second instead of current density, which gives curves c (4kv.) 


and d (10kv.). 


The increased saturation at lower voltage is now evident. There is a nearly 
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constant ratio of 2-67 between the values of energy input rate at any relative 
efficiency in the range considered. ‘Thus the power input required to cause a given 
loss of luminous efficiency is nearly proportional to the voltage used. 

So far no assumption has been made about the distribution of the energy 
through the slab of phosphor. If the electron current is considered to remain 
constant during the absorption process, then it must be concluded that the voltage 
change in absorption is of the type mentioned in Part II, §3(b), by which a given 
depth of matter produces a greater relative loss of speed in slow electrons than in 
fast ones. The Thomson-Whiddington law is the classical formulation of this 
process for fast electron absorption in gases and metal foils. It may be given as 


ya Ve cae (3) 


EFFICIENCY (c) and(d) 
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Figure 12. Current saturation in Zn,SiO,. Mn. 
Light units are arbitrary (curves a and b). Efficiency scale refers to curves c and d. 


where y is the depth of penetration at which electrons of original voltage V, have 
been retarded to (a most probable) voltage V, and a is a constant for the absorbing 
material. In the comparatively slow speed range used in the present work, 
the value of a may decrease with V, (Allen, 1932), but apart from this correction it 
is not certain that equation (8) is applicable at all to the case of absorption in phos- 
phor crystals. The discussion of decay processes in terms of power input, in 
Part II, §3 (a), is valid for any voltage absorption law since the deeper penetration 
of faster electrons distributes the incident energy over a greater volume of phosphor, 
and the decay rates change appropriately. In the next section it will appear that 
the Thomson-Whiddington law, or a similar one with indices greater than unity, 
leads to difficulties in interpretation. 
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(b) Voltage exponent q 


The light output agrees experimentally with the expression k(V,—Vo)*, 
where k, Vo, and g are constants. Explanations are required for: 

(1) the constancy of q for a given material over a wide range of current density, 

showing no significant dependance on current saturation effects ; 

(2) values of g which differ from unity ; 

(3) differing values of g for similar materials. 

These facts are more suitable for quantitative treatment than the current- | 
saturation data. As before, the assumptions made will be rather speculative, in | 
the absence of precise knowledge on electron absorption. 


Current saturation and q 


Provided that current saturation phenomena are ignored, and if the current || 
density 7 is taken to be constant through the phosphor layer, simple energy | 
considerations show that any voltage absorption law will make g equal to unity. |] 
Various other cases have been worked out for the Thomson-Whiddington law, |] 
with the additional assumption of current variation, and in each case g was unity |} 
whether 7 decreased linearly with thickness traversed or by power laws analogous. |} 
to equation (8). | 

If current saturation is taken into account, the theoretical effect is to increase g |}} 
markedly at higher excitation densities, contrary to what was found by experiment. 
To overcome this difficulty various assumptions may be made. For instance, || 
suppose that energy dissipation is uniform through the phosphor, and that the 
power expended per unit volume depends only on the initial current. For these |} 
conditions, the Thomson-Whiddington law would give g=2, while a linear 
decrease of voltage with penetration, or 


Yay I eee (9) 


would give g= 1, and current saturation would not affect these values. In general, |} 
to obtain g = 1, the total energy dissipated must vary as V,”, hence the case of g=1is | 
the only probable one from simple energy considerations. This cannot be 
adduced as strong evidence for equation (9) because of the lack of support for the 
hypothesis of uniform energy dissipation. 

A different assumption regarding energy dissipation, less rigid than the one 
just discussed, leads to the same independence of current saturation, and incident- |] 
ally supports equation (9) as against equation (8). Consider a layer of phosphor | 
of thickness y, in which electrons of the original voltage are just absorbed. Let |] 
dE/dy {be the rate of dissipation of energy at a depth y in this layer. Now 


aE, Wy di 

dy =1. dy SP Lee dy’ 
and from the particular modes of variation of 7 and V chosen, a curve may be 
drawn for the relation 


dE 
aa VS. 


Its area between y=0 and y=y, gives the total energy absorbed. Variations of 
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dE/dy with y mean that current-saturation effects may occur, but these need not 
alter the value of gq if the overall degree of current saturation is the same for all 
incident voltages. This requires that for any incident voltage the same fraction 
of the total energy shall be dissipated at any given value of dE/dy. 

A simple example is the linear decrease of both V and 7 with y, both V and 7 
becoming zero together. Then dE/dy decreases linearly to zero with distance 
penetrated in the layer, and g=1. Other variations of 7 with y or V give the same 
result, provided the linear variation of V remains, as in equation (9). 

If, on the other hand, the Thomson-Whiddington law is accepted, the elimin- 
ation of differential saturation effects is not obtained with any of the proposed 
simple variations of 7. 

This brief discussion shows that the observed constancy of g under current- 
saturation conditions can be accounted for, provided that equation (9) holds, while 
no such simple explanation has been found with a power law like equation (8). 
This appears to throw some doubt on the validity of the Thomson-Whiddington 
law, at any rate for the voltage range of the experiments. Some independent 
support for the linear type of voltage variation is afforded by Fano’s calculations on 
electron scattering (1940), which require the average penetration of slow electrons. 
to be nearly proportional to their energy. 


Voltage exponent q not unity 


So far the only reasonable theoretical value of gq not affected by current 
saturation appears to be unity; in practice, values of g greater than unity were 
obtained under conditions of current saturation. 

A non-florescent surface layer on the phosphor, whether of foreign matter or of 
decomposed phosphor, would produce an apparent increase in the value of q by 
reducing the incident voltage more in proportion for slow electrons than for 
fast ones. ‘This effect could not be responsible for the observed values of qg, since 
the “dead voltage”’ corrections (V, in Part II, table 9) were much too small to: 
account for changes in g of the order of 0-5. 

Hitherto it has been assumed that light output is a function of dE/dy alone. It 
is doubtful if this position can be maintained in face of the results in question. It 
is likely that the apparent abnormalities arise from subsequent stages of the 
luminescence, following the primary absorption of energy, and that this cannot be 
‘treated by the methods outlined above. 

From this point of view Fano (1940) has attempted a theoretical explanation of 
the work of Brown (1937), who found g=2 for Zn,SiO,. Mn between 200 and 
1300 v. at low current densities. Fano examined electron scattering and diffusion, 
the resulting average depth at which excitons (or “wandering excitations’’) 
were produced for any voltage, and the probability of non-luminescent transfers of 
exciton energy at crystal surfaces. This is a much more complex treatment than 
the one we have given, and it is doubtful if it can be expected to give accurate ¢ 
values, especially as many assumptions and approximations are made. ‘The value 
of Fano’s work lies not so much in its support of Brown’s evidence, which is. 
open to some criticism on the grounds of probable screen contamination, but in 
showing a method of approach, and indicating the possibility of values of q other 
than unity. 
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Different q values for similar phosphors 
Events in the luminescent process subsequent to the primary absorption must | A 
also be responsible for the differences observed between the values of q for ZnS . Ag }} 
and ZnS.Mn. There is a difference in crystal composition between these) 
phosphors, apart from the activators, the content of blende being probably from | 
20 to 40% in the ZnS.Ag, with the remainder wurtzite, while the ZnS.Mn_) 
contained 95° or more wurtzite. Differences of exciton diffusion and absorp-| ; 
tion by the active centres, as well as differences in surface properties, might well | 
occur here. It would be of interest to measure g for a range of ZnS . Ag samples | 
in which differing heat treatment had developed varying proportions of the two |) 
crystal forms. H| | 
To summarize this section on the voltage exponent: the absorption law) 
y=0(V,—V) will account for the observed lack of dependence of q on current) 
saturation, but no simple explanation can be made on the basis of equation (8). 
The processes by which the energy of the primary electrons is conveyed to the 
luminescent centres must be held responsible for the fact that q is not unity in some 
-cases, while differences of crystal structure are the probable cause of the character- | 
istic values observed. Current variations through the phosphor, which may have | 
a profound effect on the results, have so far not been determined, and the experi- |] 
mental difficulties of such measurements would obviously be very great. | 
The experimental conditions may not have given the simplest results, and it |}) 
would perhaps be betterx to use electron beams of much higher velocity, and very |] 
thin screens which only slightly retard the beams, together with means of avoiding |} 
-secondary emission trouble. 


§5. SUMMARY AND CONCLUSION 


The similarities existing among all the phosphors tested are more remarkable 
than their differences. Those with Ag, Cu, Zn, Bi(? Pb, Au) as activators, and |} 
the “pure” phosphors, exhibit two exponential processes in growth and decay of |} 
luminescence, with comparatively high constants. ‘The relative proportions of |} 
the processes change rapidly with current density, while the values of the “ cone | 
stants” change toa smaller degree. The activators all have atoms with completed |} 
electronic shells. Their concentration in phosphors should be small, of the |} 
order of 0-01%%. ‘The emission bands in this Ag class are wide and structureless |] 
and little affected by temperature; in general the wider the band, the faster the | 
growth and decay processes, and the more rapid the decrease of light output 
efficiency with temperature increase. | 

Phosphors in the Mn class have as activators Mn, Cr, Co, with incomplete | | 
inner electronic shells. The exponential growth and decay processes vary 
slowly in speed and relative proportions with current density, and the constants 
are much lower than in the Ag class. Activator contents are high for Mn (0-1 — 
1:0%), lower for Cr and Co. Emission bands are narrow, or consist of broadened 
lines ; some resolution into lines is often observed at low temperatures. Temper- 
ature dependence of efficiency is generally much less than in the Ag class, but |] 
current-saturation effects are more prominent for the conditions used. 

Samarium occupies an intermediate position as an activator. Its constants |} 


are high for the Mn class (table 1, Part I), though its other properties fit best into 
this group. 
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The exponential processes require a more complex explanation than is provided 
by the usual mechanism assumed for crystal luminescence. It is suggested that 
the idea of electron traps might be applied to these phenomena. Energy dissi- 
pation has proved to be a useful parameter in correlation of results in different 
sections of the work, but for its adequate exploitation requires a knowledge of 
voltage and current changes in phosphors which we do not possess. 

The simple hypothesis of linear voltage change in absorption accounts for some 
of the experimental results: in view of the complicated nature of luminescence, 
even so far as it is understood, such apparently simple explanations are not to be: 
accepted too readily. ‘There is a need for more experimental work on the lines of 
that recorded in these papers, and a more fundamental study of the electron- 
absorption process in phosphors. 
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ABSTRACT. Divergence of the incident x-ray beam produces appreciable phase differ- 
ences between different parts of a crystal, even in the size range for which line broadening 
occurs. The broadening due to this phase difference is calculated. It is ordinarily 
negligible, as the increase in the width of the line is of the order of 1:6 ¢ cos 6, where t® 
is the volume of a crystal and @ is the Bragg angle. ‘The special case of film and source 
equidistant from the crystal is investigated in greater detail. 


S ily LUSAM ROU DIKE AC On| 


N the theoretical treatment of the diffraction of x rays by crystals it is usual to 
[| conse a parallel incident beam. In practice, however, the rays diverge 
from a source a few centimetres from the specimen. ‘The source may be real, 
the focus of the x-ray tube, or effective, part of the slit system of the camera. 
X-ray wave-lengths are sufficiently small for the divergence to introduce appreci- 
able phase differences between different parts of a crystal small enough to produce 
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line broadening. It seemed desirable, therefore, to investigate the diffraction | 
of divergent x rays by crystals of this order of size, in case the divergence shoulda | 
have an appreciable effect on the line broadening. | 

Itis found that the broadening on the film is of the order of 1-6 t cos 0, where #1 is | 
the volume of a crystal and @ is the Bragg angle. To this approximation it is | 
independent of the radius of the camera and the wave-length of the x rays. The | 
broadening is thus negligible for crystals small enough to have their sizes measured | 
by line broadening (~10-°cm.), and it is not practically significant for the larger | 
crystals used to give comparison lines. Debye-Scherrer lines would still have a_ 
finite breadth, due to the non-homogeneity of the incident x rays and imperfections | 
in the experimental arrangement, even if diffraction broadening were entirely | 
absent. Divergence broadening of the comparison lines would be indistinguish- | 
able from broadening due to the finite diameter of the specimen, and would | 
disappear in the elimination of the broadening due to experimental conditions by | 
methods such as that of Jones (1938). 

The mathematical treatment is greatly simplified in the special case in which 
the source and the film are equidistant from the specimen. ‘The calculation of the 
integral breadths of reflections from spherical crystals is carried through in detail 
for this case, so that the transition from small-particle (diffraction) broadening to 
large-particle (divergence) broadening can be followed. For any particular | 
angle of reflection the integral breadth, f, is a minimum for a particle size given by 
t=1-00(QA)?/cos 0, where Q is the camera radius and A is the wave-length of the | 
x rays. The broadening on the film, Q§, is 1-40(QA)?. This is too small to be i 
detected with normal technique. 


§2.- DIFFRACTION OF DIVERGEND EX. RAYS 


In figure 1, the source of the x rays is at O, P is a vector joining the source to the | 
centre of gravity of the crystal, Q is a vector from P to the point on the circum- | 
ference of the camera at which it is desired to calculate the reflected intensity, 
x, isa vector from P to thejth unit cell of the crystal, and 26 is the angle of deviation. | 


Figure 1, 


‘The path difference between the rays diffracted from P and P + r; is 
jP+4;|— [P| |O—7) =O} 
={(P+x):(P+r)}}-P+{((Q—-y)-(Q-x)}#-O 


oa Ge] fool 
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=P + Spl apt + fro{- Sa ee Sey) 


Pp? * 2p?” QP oO? * 202 — 208 
1 1 PP 4q 
=; (p~9)+(5p+ 59)s-5-0 (Sp +35) ath Gad (1) 


where p and q are unit vectors in the direction of P and Q. Let p—q=A(h+y), 
where h is the vector of the reciprocal lattice which makes |y| smallest. Then 
1h is an integer and r;-hA can be dropped from the expression for the path 
difference. Let 


a: Canteotp alii lias “talept be _ PP | aa 
peoPyT 20n' o= spy 20n’ p=a/o, and OP) OOK sia eats (2) 


where Wisadyadic. The amplitude of the reflected beam is then (the “ structure 
factor” being omitted for brevity) 
G=2expy 2a tpon or jek To VST) be oan? tes Peden (3) 
=V-fexp Qmi(r-qtor-r—r-Wer)}do, eee, (4) 
where V is the volume of one unit cell and the integration is over the volume of the 


crystal. ‘This integral may be simplified somewhat by a proper choice of axes. 


Let 
a=(p—q)/2sin@, b=(p+q)/2cos?, y=pxXq/sin20, ....... (5) 


It will readily be seen that a, b, y are unit and orthogonal. ‘Then 


W—=csin?daa+5sin@cos dab 


+dsin@cos@ba+ocos?@bb. ——— ...... (6) 
It is desired to find unit and orthogonal axes a, # such that 
ESC RS ial OS God 8 oy 5 Oe an aie MRE a (7) 
where A and B are constants. It can be verified that 
a+ {|p cot 26| —|(p2 cot? 26+ 1)?| }b | 
“= 72[—|pcot2H(c%cor?20+ 1) +p%co 2] | A 
a+{|pcot26| + |(p2 cot? 20+ 1)?| tb ; 
B= Tas [pct HpFcot + IH] +p cor | 
A=HK{a— | (0? cos? 20 + 8? sin? 26)? | }, } nila (9) 
B=H{o+4+ | (co? cos? 20 + 5? sin? 26)*| }, 


and that aa and B>basd+0. With axes in the directions a, B, y, 
r=xatyB+zy, n=fat+nB+ Cy, 
G=V> | exp (2milxé +n + 26+ 0(x2 +y?+ 2%) — Ax? — By?]} du 
= V> exp {2mi(xé +yn+26+Bx?+Ay?+o2")}dv saa (10) 
= Vfexp {2ri[(Btx + €/2.B*)? — €7/4.B] }dx [exp {2mi[(A*ty + /2A?)? 
= 7? /4A]}dy | exp{2mi[(otz +¢/20%)?-C?/4a]}dz. Ss... ses (11) 
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This integral is difficult to evaluate for an arbitrary crystal shape, but for a sphere | 
whose radius a is large compared with B-!, A-, o, it may be evaluated approxi- | 
mately by the use of properties of Fresnel integrals. It is well known that | 
| “exp {mica de ; ~(2c) for x, and x, of opposite sign and 
U1 xi an Ga 
~0 for x, and x, of the same sign. 
For a sphere, the limits of integration of the three integrals in equation (11) are | 
+(a?—y?—2?)!, +(a2?— 2%), ta respectively. The modulus of the value of the | 
first integral in equation (11) is, therefore, approximately (2B)-* for € <4B?{a? | 
—y?— 2} (i.e. for y?<{a? — 2? — €2/4B?}), 0 otherwise. Similarly the modulus of | 
the product of the first two integrals is (44B)-* for 1? <4A?{a? — 22 — €7/4B?} (i.e. | 
for 22 <{a? — €2/4B? — ?/4A?!) and zero otherwise, and the modulus of the triple | 
integral is (8ABc)+* for 62<40?{a? — &/4B?—7?/4A?} (ie. for €/4B? + 1?/4A* | 
+ €2/4o2<a?) and zero otherwise. ‘Then the intensity of reflection as a function | 
of y is ; i : ie 
é ” ; 
HV CG4 a epee is 
=(), otherwise. | 
In other words, the intensity of reflection is approximately constant and equal to | 
(8A BoV)+ within an ellipsoid of semi-axes of lengths 2Ba, 2Aa, 2ca and directions. |}} 
a, &, Y, approximately constant and equal to zero outside. The total intensity | 
I is equal to (3A BoV)“ times the volume of the ellipsoid : | 


[= 7.2Ba.2Aa.2ca.(8ABoV)1= * a®VA, 


which is the total number of unit cells, as it should be. The intensity with @ | 


between @ and @+dé is proportional to the volume of the ellipsoid contained |} 


between two planes perpendicular to a and a distance 2cos6d0/A apart. The |} 
maximum intensity is, therefore (figure 2), 


(5) EAP ROS Cy eat ee 


dO) SAE 
cos9 waT 
= "Oy CARI ee (14) 


where T is the semi-diameter of the ellipsoid in the direction of b. The integral 
breadth is therefore 
pe ee V2 
oe (dij/d0),. 3 7icos0 3) = sheen ae 0») 


The explicit expression for T is rather complex; it may be shown to be 


B-2 oa? ’ 
aad a Ba! Ba ws fs aed. (16) 
4B" 4 4B * 4m 
This simplifies considerably for P=Q. For most cameras this is approximately | 
true, and the simplified expression will give some estimate of the integral breadth 

due to the divergence of the x-ray beam. The simplified expression is: 


(Poh 
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and the integral breadth becomes 


8AaB_ 8a cosé cos 8 
p= ace asa: ZO oe Ode erolaletens 
The actual broadening on the film is equal to the camera radius times the integral 
breadth, i.e. to 1-65¢ cos@. This becomes appreciable when a is a few hundredths 
of a millimetre. 


Figure 2. 


The actual value of the numerical factor in equation (18) will depend on the 
shape of the crystal, and for non-spherical crystals on the indices of the reflection. 
Equation (11) can be evaluated similarly for other simple shapes; reflection from 
a face of a cubic crystal leads to a factor 2 instead of 1-65. Equation (18) should, 
however, give the order of magnitude of the effect. 


§3. DETAILED CALCULATION FOR EQUIDISTANT SOURCE AND FILM 


The whole calculation simplifies considerably for P=Q, so it is perhaps 
worth while to examine in more detail the transition from small-particle 
(diffraction) broadening to large-particle (divergence) broadening for a spherical 
particle in this special case. Equation (10) becomes 

G= Vexp{2ni[xé +yn+26+0(x? cos?6+y?sin?6+32")]}duv, ...... (19) 
where both x and é are measured in the direction ofh. The intensity of reflection 
as a function of Y is 

H=WVGGF— lee exp {277 L} dudv' if 


L=[E(« — x’) +n(y—y’) + Oe —2") + (x? — x7} cos? 0 


Be fayhieny'®} cin? GF 2 7)) ee (20) 
so that 
dl ee cos @ 
—_— = Hdnd 
do lin pes 
=" cos 0 | 
a anal -exp(2mi[L]jdvdo'dndl. (21) 
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The integrals with respect to 7 and ¢ are singular, being zero if y’ Ay or 2’ #2, 
and infinite for y’=y and 2’=z, but “by an appropriate limiting process” 
(Patterson, 1939 a, p. 973) it may be shown that the double integrals with respect 
to 7 and y’, € and 2’ each have the value unity. Equation (21) becomes 


4 | { [II] exp {2mi[¢( (0 — x’) + o(x? — x2) cos? 6]} dx dy dz dx’,..... (22) 
do: 0;, XV 
dIN 20s 8 aang : peas : a 
(5). AAT; || | Jexp(2niocos Ox? —4" )\de dydedii "= mre (23) 


This may be expressed in terms of Fresnel integrals and cylindrical coordinates 
(axis in the direction of h) as 


Pay (a* —ry3 
(5), = = oy uae ip tHE ,oxP {2mio cos *002) de | 
(a*—r?) 


(a?—r)? 
f | ,oP { — 2io cos? ox!’ | r dr db 
—(a?—r *) 


4 
Se. ae an [C?(20% cos 0V a? — 7?) + S2 (20? cos OV a? — 7) |r dr 
7 ¢ 20° a cos 8 ss 
= ae 5 : (C7) 4 S* aed ae Se ee (24) 
where C(u) +4S(u) = | exp {iu?/2\du. 
0 


The integral breadth is, therefore, 


21 4na® AVo® cos? 6 [ 2ate cos? 
p= (di/d0), = 2. Cagle Ree Ae i. [C?(u) + S?°(u)]u du | 


ae) 1 
~ 3acosé * D(2c%a cos @) sd TCT cr ee Oe Pets ren (25) 
whcie D(u)=4u~* | [C2(e) S2(uylu du, as eee (26) 
0 


To progress further it is necessary to evaluate the function D(u). Since i 
C*(u) + S?(u) >u? as u->0, its value for small values of u is 1. 
of u, C%(u)+S%(u)—>}, so that the asymptotic value of D(u) is u-. 
convenient for small values of u may be obtained as follows 


. Itis known (Preston, |}) 
1895, p. 276) that 


C4) + S@)=MN2 = ee (27) 
where M and WN are known series satisfying the differential equations 

dM dN 

oe =1-7uN, ria smu te * "Rigo (28) 


and, therefore, 
d(M? + N?) 
dt ee oo renee (29) 


D(u) = 2u-4 ay | 4 Murdce)| du’) tae (30) 


and 


For large values |} 
A series |} 
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Integrating the series for M (Preston, p. 275) term by term gives 
27?u* 2rtus Ae iat Fae 
D(u) = 1-— ————. 
(w) MINS S50 Sree Sus6 (odW SPS RO ALTRS eae: 


The ratio of successive terms in this series is 
mu*(2n — 1)(2n) 
~ (2n+1)(2n+2)(4n—1)(4n+1) ’ 
which approaches 0 for sufficiently large n for any value of u. It is therefore 
absolutely convergent for all values of uw. It is, however, inconvenient for u 
greater than 2. Table 1 gives some numerical values of D(u). Those for u<2 


Table 1. Values of D(w) 


0:0 0-1 0:2 0:3 0-4 0:5 0-6 0-7 0:8 0-9 
1:0000 0-99999 0-99982 0-99911 0-99720 0-99317 0-98590 0:97405 0:95624 0-93101 
0:8969 0:8534. 0:8000 0-7373 0-6670 0:5917 0:5151 0:4413 0:3749 0-3190 
0:2753 0:2440 0:-2226 0-2077 0-1951 0-1821 0-1669 0-1508 0-1371 0-1257 
0-1181 0-1118 0:1062 0-0992 0-0921 0-0856 0-0811 0-0774 0-0738 0-0695 
0-0653 0:0628 0:0595 0-0569 0-:0540 0:0512 0-0491 0:0472 0-0452 0-0430 
0:0413 


MiP WHrR OC 


were calculated from the series, those for u>2 by numerical integration of four- 
place tables of C(u) and S(u). In the range 0-5-2-0 the greatest difference between 
the values calculated by the two methods is 0-0003; the mean difference is about 
0-0001. 

With these values of D(u), the integral breadth for any particular case can 
be calculated by equation (25). There is a minimum value of 8 which occurs 
for D+ uD’ =0, 1.e. for wu == 1:24. The corresponding value of a is 


1-24/20* cos 6 ~ 40,000 a. for O=10 cm., A=2a., O=45°. 


The minimum value of 8 is 1-40VA/Q; the actual broadening on the film, 
QB, is 1:40V QA=0-006 mm., an amount undetectable with normal technique. 

Equation (25) and the discussion in the previous paragraph have been given 
in terms of the radius of the particle, a. In terms of the cube root of its volume, é, 
the expressions become 


1-0747A 1 
Steste D(l-4ehcosty 9 9 2) 
t=1-00/o? cos@ for minimum f. 
The minimum values of 8 and Qf are unchanged. For t/\/QA small, equation 
(32) becomes 8 =1-0747A/tcos@, in agreement with the results of Patterson 


(1939 b) and Stokes and Wilson (1942). 
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ABSTRACT. Measurements made on magnesium oxide deposited to a depth of 2 mm. 
on aluminium show that, for angles of incidence up to 60°, the polar reflexion curves are 
in general ellipses, and not the circles required by Lambert’s law. For angles of incidence 
less than 45°, the major axis of the ellipse is perpendicular to the plane of the test surface, 
while for angles of incidence from 45° to 60° the minor axis of the ellipse is perpendicular 
to this plane. At 45° incidence, the ellipse degenerates to a circle, and in this special 
case only, L-ambert’s law is obeyed to within the accuracy of the measurements. For angles 
of incidence greater than 60°, the curves become quite irregular, and at almost grazing 
incidence there is a distinct reddish specular component in the reflected light. An 
attempt is made to analyse the curves into specular and diffuse components by Barkas’s 
method, but the results suggest that this method is not really applicable in the present 
instance. 45° appears to be a suitable angle of incidence to adopt in practical gloss 
determinations. 


§1. INTRODUCTION 


reference a reproducible matt surface. The ideal matt surface is unknown; 

nevertheless there are several conveniently-prepared real surfaces which 
approximate to it fairly closely under certain conditions of illuminating and 
viewing; and of these, the surface of magnesium oxide deposited on silver or 
aluminium, widely used as a standard in colorimetry, merits special consideration. 
Not only is such a surface easily prepared and of high reflecting power 
(97-98°%), but it is also as nearly a true matt as is any other surface that has 
so far been suggested. 

If, in figure 1, XY represents the ideal matt surface illuminated by a beam IO 
incident at an angle z, then the intensity of the light scattered in the direction OP is, 
by definition, proportional to c.cosz.cos R, where c is a factor defining the bright- 
ness of the surface and R is the angle of viewing. More exactly, the illumination 
at the point P per unit area of the diffusing surface is given by the equation 


L=(clI/d*).cosi.cos R, 


Tt interested in measuring the gloss of real surfaces frequently need for 


where J is the intensity of the incident beam and d is the distance of the point P 
from O. This relation is the well-known Lambert’s law (Lambert, 1760). 
It is assumed that the dimensions of the diffusing surface are small compared with 
thedistanced. It follows that if J, is the intensity of the radiation emitted normally 
to the surface, then the intensity of the radiation emitted at any other angle Ris 
for constant conditions of illumination, given by the simple equation — 


Ip=I,.cos R. 
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The apparent simplicity of Lambert’s law is deceptive; although quite a 
number of surfaces obey it approximately under certain conditions of illuminatiag 
and viewing, no material is known for which it holds exactly, and none of the several 
attempts to account for it theoretically has been very successful. The truth of 
the law is certainly not self-evident, and its value lies only in its convenience and 
simplicity, since it is the only relation for which the brightness of the radiating or 
reflecting surface is independent of the angle of viewing. Bouguer (1762) tried 
to account for Lambert’s law on the supposition that the reflecting surface 
behaves as an aggregate of small mirrors set at all possible inclinations. Lommel 
(1880) considers the case of glowing masses of metals and gases which emit light 
not only from their surface, but also throughout their whole volume, and he later 
attempts to extend this theory to account for the reflecting properties of matt 
surfaces (1889). Unfortunately the equations derived are of little practical value. 


X 0 uf 


Figure 1. 


Further work on this subject has been done by Grabowski (1914), Chinmayanan- 
dam (1919), Berry (1923), Pokrowski (1924 to 1926), Schulz (1925) and Barkas 
(1939). Attempts to discover materials for which Lambert’s law is obeyed have 
been made by Bouguer (1762), Provostaye and Desains (1851), Kononowitsch 
(1879 and 1881) and Moller (1885). Angstrém (1885) found that the polar light- 
intensity distribution curves were ellipses rather than the circles required by 
Lambert’s law: for the substances examined, he found that the curves were 
sections of prolate spheroids for small angles of incidence, and oblate spheroids for 
large angles of incidence; and at an angle of incidence of about 30° the spheroids 
degenerated into a sphere, so that at this particular angle of incidence the simpler 
form of Lambert’s law is obeyed. Further studies of matt surfaces have been 
made by Godard (1887), Seeliger (1888), Messerschmidt (1888), Wiener (1892), 
Jenko (1898), Wright (1900), Thaler (1903), Henning and Heuse (1922) and 


Woronkoff and Pokrowski (1924),. 


§2. EXPERIMENTAL DETAILS 


(a) Preparation of specimens 
In order to get a reproducible standard surface for colour and gloss measure- 
ments, the magnesium-oxide layer shouid be infinitely thick. In practice, this is 
taken to be a layer which is so thick that doubling its thickness produces no 
appreciable change in its reflecting properties. Unfortunately, magnesium 
oxide is not as opaque as could be desired, and a deposit of several millimetres must 
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be made before the layer can be regarded as ‘infinitely’ thick. As the thickness of 
the layer increases, the tendency for the deposit to fall off its support in large flakes 
also increases rapidly, and in practice it becomes difficult to work with a layer more 
than 2 or 3mm. in thickness; some compromise must therefore be made. For 
the experiments here described, the diffusing surfaces were prepared by holding 
a disc of aluminium, 73 mm. in diameter and 5mm. in thickness, at a distance of 
about 10cm. above a piece of burning magnesium ribbon. The process of 


Table 1. Effect of the thickness of the magnesium oxide layer on the intensity 
of the light scattered in various directions (for angle of incidence — 30°) 


Relative intensity for 


Angle of viewing layer of thickness 
(degrees) 

1 mm. 2 mm. 

—75 21:4 21°8 


burning the ribbon was continued until the thickness of the deposit reached 2mm. 
In order to check whether this thickness was sufficient to reduce the effect of the 
aluminium support to negligible proportions, goniophotometric measurements 
were made on layers of 1mm. and 2mm. thickness, with the results shown in 
table 1. It will be seen that, while doubling the thickness of the layer has. 
increased the diffusion slightly (as shown by the slightly greater intensity of light 
scattered at large angles to the normal), the increase is nevertheless quite small, and | 
a further increase in the thickness of the deposit would not cause appreciable. | 
differences in the form of the polar curves. 


(b) Technique of measurement 


All measurements were made on the new Patra Hilger Goniophotometer, an. 
instrument following the general lines of the model described in Patra Research 
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Report No. 1 (July 1938—now out of print). Particulars of this instrument are 
to be published shortly. The essential features are given in figure 2. Light from 
a ribbon filament lamp is collected by a condenser L,, and the optical system is such 
that an image of the slit S, is thrown on to the test specimen M, the length of the 
slit being parallel to the axis about which the specimen and photometer arm rotate. 
The angular spread of the incident beam is controlled mainly by the slit S,: the 
smaller the opening, the more nearly parallel is the incident light, but the intensity 
of the light reaching the photocell P is correspondingly reduced. In practical 
measurements one has always to effect a compromise between a reasonably small 
angular aperture and workable galvanometer deflexions. The photocell P is of the 
ordinary rectifier type connected to a sensitive galvanometer: the angular spread 
of the wedge of light reaching this receptor is controlled by the slit $3. 

In the arrangement used, the width of the band of light leaving the back surface 
of the lens I., was 12 mm., and the width of the slit image at M was 1 mm.. The 
distance between L, and M was 185 mm., so that the total angular spread of the 
wedge of incident light was 2 tan-! (55/1850), that is, about 3° 24’. The angular 
aperture of the receptor system was the same. ‘This aperture would be too great 


S3 


La 


Si S2 


Figure 2. 


for materials possessing ‘“‘ peaky’”’ goniophotometric curves and would have to 
be cut down; but with surfaces of very low gloss it does not introduce serious 
errors into the form of the curves. More important from the present point of view 
is the size of the spot of light thrown on to the specimen. It is assumed in all these 
measurements that the dimensions of the spot of light on M are small compared 
with the distance of the photocell from the test surface (PM). [If this is not so, 
the curves can be appreciably distorted. In the arrangement used, measurements 
were made only in the plane containing the angle of incidence, and the length of the 
spot of light (being at right angles to this plane) was thus of minor importance and 
was kept to14mm. The width of the slit 5, was reduced until the width of the 
rectangular spot of light thrown on to M was 1 mm. for normal incidence (for 
oblique angles of incidence the width of the slit image becomes correspondingly 
greater). The distance from L, to M in the instrument used was 17 cm. and from 
L,to P,20cm. The focal length of the lens L, was about 183 cm. 

To show the effect of the size of the spot of light on the form of the curves, the 
figures in table 2 are reproduced. Those in columns 2 and 3 were taken with 
the goniophotometer, now destroyed, described in Patra Research Report No. 1. 
This instrument used a photocell of about 3? cm. diameter placed at a distance of 
50 cm. from the test surface ; no lens was used in the receptor system. A circular 
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spot of light was thrown on to the specimen (that is, at normal incidence, the circle) 
being broadened into an ellipse for oblique incidence), and this circle was usually | 


\ 
fi 


of 1cm. diameter: the figures given by this arrangement are in column 2. The |] 
corresponding figures given when the spot of light was cut down to 4mm. diameter || 
are in column 3. The effect on the curves is clearly seen. Finally, in column 4 


Table 2. Effect of the dimensions of the spot of light thrown on to the 
test specimen (for angle of incidence — 45°) 


Apparent relative intensity for spot of light 
Angle of viewing ss 


(degrees) 10 mm. diam. | 4 mm. diam. 14 «1 mm. 
circle circle | rectangle 
—75 O55 De 22°9 
—70 34:8 31-4 31-4 
—65 43-8 40-0 40-2 ‘ 
—25 93-0 91:3 90-9 
—20 95-4 94-7 94-9 
—15 97°5 97-1 97-1 
—10 98-8 99-0 99-3 
— 5 99°5 99°8 100-0 
0 100-0 100-0 100-0 
5 99-5 99°8 | 99-3 
10 98-8 98:8 98-0 
LS 97:5 97-0 95-1 
20 95:7 94-7 93-4 
25 93-1 91:8 90-0 
30 89-9 88-4 86-0 
35 H 86-1 84-2 81:8 
40 i 82:1 79-4 76-0 
45 ee 74-0 70:1 
50 71-9 68-2 63:8 
55 65-3 61:8 57-1 
60 58-3 54-8 49-7 
65 50-8 47-3 41-9 | 
70 42-1 39-2 34:1 
75 32-7 30-6 25-0 


are the figures obtained with the present instrument, with the rectangular spot 
of light 14x 1mm. The figures are all corrected so as to give a reading of 
100-0 when the angle of viewing is 0°. The broadening of the curves with 
large spots of light is attributed to the fact that with a large spot of light the 


effective area sending flux to the photocell tends to increase as the angle of viewing 
increases, 
§3. RESULTS 


The results of the measurements on magnesium oxide are given in table 3, 
which shows the measured intensity for various angles of incidence and viewing, 
expressed as a percentage of the maximum intensity obtainable with the given 
settings of the instrument. This maximum intensity occurs when the directions 
of incidence and viewing are both normal to the test surface. The intensity 
cannot be measured experimentally under these conditions, but it can be deter- 
mined to a satisfactory degree of accuracy by extrapolation, since it is found that 
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the experimental curves are very nearly ellipses. The figures are in fairly good. 
agreement with those of Barkas (1939). a ae | 

Examination of these results shows at once that the variation with z predicted 
by Lambert’s law is not exactly true. If it were, the flux reaching the photocell} 
would be independent of the angle of incidence. We find, in fact, that the flu 
received by the photocell is only approximately constant and independent of the: 
angle of incidence when the angle of viewing is at the special angle of 40°. The) 
simpler form of Lambert’s law (Ip= I, . cos R) holds reasonably well for an angle 
of incidence of 45°, but it does not hold accurately at any other angle of incidence. 

The polar curves for angles of incidence less than 45° are found to be ellipses, 
with the major axis perpendicular to the test surface. The polar equation of an 
ellipse with origin of polar co-ordinates at one end of the major axis is | 


| 
2ab?. cos R 
~ @? sin? R+ 62 cos? R’ 


where a and b are the semi-major and semi-minor axes. By a suitable choice: 
of a and 4, this equation expresses the experimental results to within the accuracy) 


Figure 3. 


of measurement. ‘Table 4 shows the measured and calculated values for angles | 
of incidence of 0°, 15°, 25°, 30°, 40°, 45°, 50°, 55° and 60°. It will be seen that 
in most cases the agreement is good. For angles of incidence less than 45° 
the curves thus represent sections of a prolate spheroid, as recorded by Angstrém 
(1885). At 45° incidence the ellipse degenerates to a circle. For angles of | 
incidence between 45° and 55° the curves are approximately sections of an oblate | 
spheroid—that is, they are again ellipses, but this time with the minor axis. | 
perpendicular to the plane of the surface. At 60° incidence, the ellipse begins. 
to lose its symmetry and develops a “ bulge” in the region of 60° to 70°; for angles. 
of incidence of 65° and over, the curves become quite irregular and no simple 
equation can be found to fit them; and at nearly grazing incidence (80° and over) 
there is distinct regular reflexion from the surface, which, at the appropriate angle 
of viewing, looks polished with a reddish tinge. The polar curves for 0°, 45° | 
and 55° incidence are drawn in figure 3. 
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Table 4. Comparison of observed values of intensity with those calculated 
2ab? cos R 


from the ellipse J= a Diep cose 


Angle of viewing 


0 10 20 30 40 50 60 70 80 90 


20", a—50-0, b=45-0 
I, calculated | 100 | 97-8 | 92-4 | 82-0 | 69-7 


I, observed 


APE WV Poeyos\| AiNes 0 


t—=15°, a=48°7, b=44°5 
I, calculated | 97-4 | 95:5 | 90-0 | 80-2 | 68-9 | 56-1 | 42:4 | 28-4 | 14-2 0) 
T, observed DONEC Sus || 79-8 68:8 | 551 (4S 5-9 
Ailey Ws 8 43-1 | 27-6 
Do, 1 A—=48°3,) b=-45-4 
I, calculated | 96°7 | 94:9 | 90:0 | 80-9 | 69-9 | 57-2 | 43-8 | 29°-5 9-9 O 
I, observed Yoon | Qeey || SOs | wilh Th woey i) Swish |) Aes; ll wales} 
59-0 | 44-1 27°6 
-3)), a= 47-5, b=44-6 
I, calculated | 95:0 | 93:1 88-1 | 79:3 | 69:0 | 57:0 | 43-4 | 29-3 |. 14-7 @) 
I, observed 95:0 | 93:0 | 88:2 | 80-4 | 70-1 7:3 | 43-1 | 27-9 
94-1 (PM Aa | yf) 


i=40°, a=47-0, b=45°5 
94:2 | 92:3 | 88-0 | 80-0 | 69-8 | 58-2 | 44-5 | 30-3 | 15-5 | 0 
94-1 | 92-1 | 86-2 | 79-2 | 69-7 | 58-1 
92-8 | 88-7 43-8 | 28-2 
i=45°, a=46-1, b=46:1 
92:2 | 90:8 | 86-6 | 79-9 | 70-6 | 59-2 
92-2 | 90-1 | 86-1 | 79-1 | 70-1 | 58-7 | 45-7 | 31-4 
91-6 | 87-4 28-9 


I, calculated 
I, observed 


eget 


, 1, calculated 
I, observed 


i=50°, a=45-6, b=46-0 


mealculated.(" 91-2.) 89°8 | 86-2.) 7972 | 70-4.) 59-4) 46-1 | 31-8 | 16:1 ) 
I, observed OL 2217888 | 84-8.) 78-5) 701 | 60:3 |) 48-0 | 33-4 
89°7 185-0) 78:7 28°5 


i=55°, a=44-4, b=46°8 
88-7 | 87:9 | 84-6 | 78-9 | 71-0 | 60-9 | 48-0 | 33-4 | 17-2 | 0 
88:7 | 87-0 | 83-7 | 78-2 | 70-1 | 61-7 | 50-3 | 36-0 

| 88-2 | 84-8 | 77-1 


i=60°, a=42-6, b=47°5 
I, calculated | 85-4 | 84-4 | 82-0 | 77-2 | 70-8 | 62-0 | 49-8 | 35-4 ] 18-4 | 0 


I, observed SSH NSF (8d) 77 311 Ot 6263.) (52°71 939"2 
$3°3)|.80°1 | 74-7 |) 66°83 


en 


I, calculated 
I, observed 


No theoretical explanation is here advanced as to why the polar curves should 
be ellipses rather than circles. These results are presented merely as experi-~ 
mental facts. Some other expressions were examined to see whether the 
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experimental results would fit them better than the equation of the ellipse. ‘Thusj} 


the equation 
[=l cos Re ee 


holds approximately for the light transmitted through certain diffusing layers} 
(Harrison, 1940), where ¢ is the thickness of the layer and K is a constant. Thejf 
equation gives families of oval curves. No values of Kt could be found which 
gave better agreement between observed and calculated values than is shown 
in table 4. The equations of Henning and Heuse (1922), Lommel (1880, 1889}} 
and Angstrém (1885) were also examined, but no real values of the constants} 
could be found such that these equations would fit the observed results. 
§4. THE BARKAS ANALYSIS 

The results were examined by the Barkas analysis (1939), in which the reflectingy} 
properties of the surface are expressed in terms of an optically equivalent surface 
made up of mirror facets and rough facets, tilted at all angles. The fundamental 
equation may be written (in our present notation) as 


Ip, . cos t= K{cos (t{— R)+ cos (+ R)}+sB . cos $(i—R), 
where K is a factor defining the contribution of the rough elements, while Bi 


is a similar factor defining the contribution of the mirror elements. s is a function 


Table 5. Values of K [Barkas’s 4(rA)] for increasing values of (¢+ R) 


of 3(¢—R) and is calculated from Fresnel’s laws of reflexion. Both K and Bi} 
-are in general functions of 7 and R. | 
In accordance with Barkas’s treatment, Iz . cos 7 was plotted against (¢— R), | | 
the curves obtained being closely similar to, but not identical with, those published 
by Barkas. The values of K [Barkas’s }(rA)] were calculated from the curves} 
by his method over the range (¢+ R)=0° to 75°, with the results shown in table 5. | 
“The last two values (in parentheses) cannot be regarded as very accurate, and itis not} 
possible to determine K for values of (i+ R) greater than 75° by Barkas’s method: 
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there is, however, clear evidence that the value of K is beginning to fall fairly 
rapidly for values of (+R) greater than 50°. Barkas quotes a value of 0-41; 
for K for all values of (¢+ R) up to 70°, and he assumes that this value of K holds 
good when (z+ R) is greater than 70° (when K cannot be determined directly). 

Examination of table 5 will show that, while the mean value of K over the whole 
range (40-4) is in satisfactory agreement with Barkas’s value, nevertheless the 
igures do show a decided trend, and suggest that K rises to a maximum at about 
7+ R)=35°, and thereafter diminishes with increasing rapidity. 


Table 6. Values of B for K=0-41 (assumed constant) 


(i+ R) 
Gh) 

0 10 20 30 40 
0 2°5 2:2 1-9 1:5 0-9 
10 2-2 2-0 1:7 1:3 0-7 
20 1-7 1-6 1:2 0-8 0:3 
30 162) 4-2 0-6 O-0n Hi Ort 
40 0-9 0-9 0:3 2 —0:2 
50 0-8 0-6 0-1 —0-3 = 
60 0-9 0-8 0-2 _ = 
70 1-0 = — — = 


There are further difficulties. If, despite the evidence, one assumes that 
K is, in fact, constant over the whole range, and one calculates the values of 
3 according to the method which Barkas has outlined in his paper, one gets 
he results in table 6. ‘These values are in satisfactory agreement with those 
riven by Barkas, but there are some negative values. This does not seem 
ylausible; moreover, the table suggests that in the cases where it has not been 
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Figure 4. 


ossible to determine B experimentally, it may have even greater negative values 
yan are here recorded. On the other hand, if we now, instead of assuming 
iat K is constant, take the experimental values given in table 5, we get the values 
f B given in table 7. Here the values of B do not agree with those of Barkas, 
nd there is a marked tendency for them to rise again after passing through a 
inimum near (:+R)=20°. When plotted, they give the curve shown in 
gure 4, which expresses the comparative areas of the mirror facets at various 
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inclinations to the mean surface: the form of this curve is a good deal lesj\ 
plausible than the one given by Barkas (shown dotted), though one can hardly} 
say definitely that it is wrong. The truth seems to be that the Barkas analysis) q 


Table 7. Values of B for K varying between 
42-9 and 33-4, according to table 5 


(+R) | 
(i—kR) 

) 10 20 30 40 

0 2-8 1°7 1-8 1-9 2-7 

10 2:5 1-5 1-6 1:7 2°5 
20 2-0 1-1 1-1 1-2 1:8 
30 1:5 0-8 0:5 0:6 1-0 

40 1-4 0-2 0-2 0-0 0-2 | 

50 1-0 0:3 0-0 0-0 0-0 | 

60 1-0 0:5 0-2 = ee | 
70 1-2 = = -_ es 


is not very satisfactory when applied to surfaces as matt as magnesium oxidelf} 
and unless K can be determined accurately for a much wider range of valuedi 
of (¢+ R) the values of B will remain open to considerable doubt. | 
| 

§5. SUMMARY AND CONCLUSIONS | 

It has been shown that Lambert’s law does not hold for a surface of magnesiu 
oxide 2 mm. thick, since the flux emitted per unit area is not proportional to thd] 
cosine of the angle of incidence. ‘The simpler form of the law, ' 


J = cOscie, | 


is valid only in the special case where the angle of incidence is 45°. The pola: | 
curves for angles of incidence below 60° are represented to within the accuracy 4d 
of measurement by ellipses, the general equation of which is 


< 2ab? .cos R 
~ @sin2R 4-6? cos? R’ 


Above 60° incidence the curves become decidedly irregular and cannot bal. 
expressed in terms of any simple equation. Above 75° incidence signs o 
specular reflexion appear, and at nearly grazing incidence there is a fairly wel 
defined reddish specular component. | 

This is not the place to discuss the design of glossmeters. In practice, one}; 
finds instruments making use of angles of incidence from 45° to over 80°. Never 
theless, the fact that 45° incidence is the only angle for which Lambert’s la 
in its simpler form holds for magnesium oxide seems to be a fairly powerfud 
argument for the adoption of 45° incidence in practical work, particularly as 45)]) 
is a very convenient angle from the point of view of instrument design. Tha 
point is, with magnesium oxide at 45° incidence we have a conveniently prepareq} 
surface which does give a polar curve approximating closely to Lambert’s}} 
circle, while at 60° incidence and more, it is doubtful whether there is any read 
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surface for which Lambert’s law is even approximately true. At 45° incidence, 
therefore, we have a useful reference material of zero gloss, while at 60° incidence 
and over, we have none. 
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ABSTRACT. A study is made of the behaviour of water under hydrostatic tension, 
A review of the literature reveals very considerable differences in the values of critical 
tension obtained by different methods, the factor of disagreement being sometimes as high 
as 50. ‘Two methods are studied in detaii : the Berthelot method, which makes use of they 
difference in expansions of glass and water and the Revncice centrifugal method. 
Evidence is brought forward that it requires high pressures to persuade water to stick tor 
glass under subsequent tension. A modification of the Berthelot method gives results| 
in much better agreement with other methods. Examination of the Reynolds method} 
shows that account must be taken of the fact that water does not move as a rigid body 
Although. this has no appreciable effect on the pressure distribution, it does imply a con-if 
siderable stirring of the water, and any small bubbles would tend to be brought near the} 
region of greatest tension in a time that might be comparable with that of the experiment 
The flow of water in constricted tubes is also studied. The critical tension appearsi| 
to be low, but this is to be expected in view of the fact that the motion is probably turbulenti]| 
before cavitation occurs. 
~ It is concluded that if tension is applied statically, ordinary water can stand tensions) 
of the order of 40 atmospheres, even if it is not perfectly air-free. Water nearly saturated] 
with air has been shown to stand tension up to 6 atmospheres. 


$1. INTRODUCTION 


sustaining considerable tensions. While under tension, the liquid is in a} 

metastable state and, if the tension is too great, it changes irreversibly to the]! 
two-phase system liquid and vapor and dissolved gas. The critical tension is off] 
interest in quite a number of fields of pure and applied science, and experiments 
have been made by a large number of workers. As the published results are very| 
discordant, an attempt has been made to clear up the causes of some at least of the 
disagreements between various methods. The following are some of the fields of] 
research in which the problem occurs: 


[’ has long been known that, under suitable conditions, liquids are capable of 


Ges 


(a) The ascent of sap in plants, and the ejection of spores from ferns. | 
(6) The formation of bubbles in liquids, e.g. blood supersaturated with gas. 
(c) The design of ships’ propellors. | 
(d) The design of echo-sounding and similar equipment, and the study of the 
biological effects of supersonic waves. 
(e) The study of surface phenomena attending an under-water explosion. 
It is believed (Dixon and Joly, 1895) that the ascent of sap is due, at least i in|) 
part, to actual hydrostatic tension which is supplied by capillarity in the passages | | 
of the leaf. The ejection of spores (King, 1944) is sometimes achieved by a] 
catapult-like mechanism depending on the rupture of a gradually-drying drop of] 


= 
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water. Near ships’ propellers, negative pressures occur due to the inertia of the 
water; near sources of high-frequency sound, the amplitude may exceed the 
hydrostatic pressure so that the water is in tension for part of the cycle. Negative 
pressures are not the direct result of an under-water explosion, but occur when the 
resulting pressure-pulse is reflected at a yielding surface such as the free surface of 
water. In order to keep the pressure at such a surface zero or small, the pressure- 
pulse is reflected in part as a tension-pulse, so that all the water between the charge 
and the free surface is subjected first to pressure, then to tension. 


§2,. SUMMARY OF RESULTS OBTAINED BY OTHER WORKERS 


Useful reviews of the literature have been given by Harvey and others (1944): 
and by Vincent (1941; 1943 a and b), who have themselves made valuable contri- 
butions to the subject. For convenience we subdivide the results into three 
classes, according to the tensions estimated. (We have been unable to examine all 
the papers ourselves.) 


Class A. Maximum tensions over 100 atmospheres 


The chief work in this class is that of Dixon (1909). His method was that 
introduced by Berthelot of heating liquid ina sealed tube until it filled, then cooling 
the whole until the liquid broke. Values of tension were then estimated from the 
corresponding temperature difference, assuming values for compressibility of 
water and coefficient of expansion determined at zero pressure, due corrections 
being made for the thermal expansion of the glass and its elastic deformation. 
He estimated tensions up to 200 atmospheres. 

To this work should perhaps be added that of Kenrick, Wismer and Wyatt 
(1924), who saturated liquids with gas at 100 atmopheres and reduced the pressure 
to 1 atmosphere without effervescence, and that of Kenrick, Gilbert and Wismer 
(1924), who heated water to 270° c. under atmospheric pressure before it exploded. 
A liquid superheated or supersaturated with gas stands in much the same relation 
to a liquid under hydrostatic tension as does a solid vessel stressed by pumping air 
into it to the same vessel stressed by evacuating the region outside. ‘The presence 
or absence of gas is unlikely to affect the tensile strength of a solid, but might well 
affect that of a liquid, and might alter the “‘ microscopic” distribution of stress. 

Harvey (1944) found that water previously compressed to 1000 atmospheres 
can withstand tensions (occurring as the result of a hammer blow) estimated at 
from 100 to 1000 atmospheres, but no definite figures are available. King (1944), 
from a study of the catapult-like mechanism of the projection of spores in the 
common fern, arrives at a value of 200 atmospheres for the critical strength of water 
in the presence of plant materials, but his data would be consistent with much 


lower or higher values. 


Class B. Maximum tensions between 10 and 100 atmospheres 


Near the top of this class stands the work of Budgett (1912), who measured the 
force necessary to pull apart slightly wet optically flat steel surfaces which had been 
“wrung” together. On the crude assumption that the liquid film is continuous 
over the surface, one deduces a value of only 4 atmospheres for the critical tension, 
but Budgett, from examination of the surfaces after separation, and by comparison 
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of the results under vacuum with those under atmospheric pressure, estimated that 
air could reach most of the inner surfaces and that the effective area of the water was | 
only about 7% of that of the steel. On this basis he estimated that the critical | 
tension water could stand was about 60 atmospheres. He gave arguments which 
suggest that only a little of this tension is due to capillarity, and also that the failure | | 
occurs in the liquid rather than at the steel surfaces. Perfectly dry surfaces did not | 
adhere, so the attractions of the steel surfaces contributed nothing to the effect. | 

Next come a number of measurements by Worthington (1892) and Meyer, 
(1911). Their method is similar in principle to that of Berthelot, that is, the | 
tension is produced by cooling liquid in a glass vessel, but here the tension is | 
actually measured instead of being inferred from the temperature difference. | 
Worthington measured the tension by noting the change of volume of an ellipsoidal 
bulb containing mercury (and enclosed in the apparatus), Meyer by means of the | 
rotation of a glass spiral containing the liquid. ‘These devices had to be calibrated | 
with positive pressure and extrapolated to the region of tension. Meyer obtained 
a value of 34 atmospheres for water and Worthington one of 17 atmospheres for | 
ethyl alcohol. 

Yet another modification of Berthelot’s method was introduced by Vincent 
(1943 b). In order to make sure that the pressure in the tube was truly zero at the } 
moment of filling, the ‘‘ sealing’ was carried out by freezing part of the liquid in a}}} 
capillary tube attached to the main tube and open to the atmosphere at the far end. 
Unfortunately the liquid used was mineral oil and not water, but the mineral oil 
had been previously tested by the ordinary Berthelot method and had given a value ] 
of 119 atmospheres (maximum) for the tension compared with 157 atmospheres for 
water under similar conditions. By the modified Berthelot method, in which the 
pressure at the instant of sealing was definitely known to be atmospheric, values for 
the critical tension ranging from zero up to 25 atmospheres were obtained. In al} 
further set of readings, where the tube was sealed, the liquid heated to generate | 
pressure, the tube unsealed and the pressure adjusted, and the tube sealed again} 
and cooled in order to apply tension, values for the critical tension varying from |} 
0-9 to 24-5 atmospheres were obtained, which appeared to indicate that the pre- 
application of pressures of the order of 10 to 100 atmospheres did not alter the 
results in order of magnitude. 

Momentary tensions of the order of 15 atmospheres have actually been mea- | 
sured by piezo-electric gauges in the water near an explosion. 


Class C. Maximum tensions below 10 atmospheres 


Near the top of this class comes the work of Vincent (1943 a). His method | 
consisted of cooling liquid in a vessel, thus sucking it backwards through a capillary 
tube. (He calls this the “viscosity tonometer” method). By comparison of | 
the rates of flow just before and just after the break one can infer the critical tension. 
from the ratio of these rates of flow, because the pressure in a bubble in the liquid | | 
must be just its vapour pressure. Provided the flow is not turbulent, the rate of | 
flow is proportional to the pressure difference. Vincent obtained a maximum | 
value of 7-8 atmospheres for the same oil that he investigated by the Berthelot and } 
modified Berthelot methods. (This method is unsuitable for water because of its 
low viscosity.) A method of applying tension to a liquid by centrifugal force was} 
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introduced by Reynolds (1878), who rotated a sealed U-tube on a lathe, one arm of 
the tube being full of water and the other containing water and water-vapour. 
He obtained a value of 4-8 atmospheres for water, and Worthington (1892) 
applied the same method to other liquids, obtaining a value of 7-9 atmospheres for 
ethyl] alcohol. 

Dixon and Joly (1895) obtained a few results, the largest being 7-5 atmospheres, 
by experiments similar to those of Dixon (1909), but the volume of the cavity 
formed by contraction of the liquid after failure was obtained by measurement 
of its geometrical dimensions rather than by temperature difference. 

In another series of experiments, Vincent (1941) subjected liquid to tension 
by the very direct method of enclosing it within a metal bellows and applying 
tension to the bellows. He obtained maximum values of tension of 2:38 atmos- 
pheres for ethyl alcohol and 2-94 atmospheres for the mineral oil. 

Values of tension for which cavitation occurs near ship’s propellers do not 
seem to have been measured, and data on quartz or magnetostriction oscillators 
are hard to find in the literature. Dean (1944) quotes one case where cavitation 
occurred near an oscillator even though the amplitude of the oscillations of pressure 
at the surface was only 0-8 atmosphere, and the pressure therefore always positive, 
according to classical hydrodynamics. He suggested that there might be a further 
lowering of pressure due to rotational motion. According to the data given by 
Kornfeld and Suvarov (1944), the amplitude of pressure variation when strong 
cavitation set in would come out classically at just over 1 atmosphere, but again 
one cannot exclude the possibility of vortices occurring. It seems unlikely that 
the tensions are very large. 


Ss. DIS CUSSLON OF GEES Back Es Unis 


A system consisting of liquid under tension is unstable with respect to a 
mixture of the liquid and its vapour, so a certain amount of spread in the observed 
values of tension would not be at all surprising, but the observed spread is enor- 
mous. For example, the same observer (Vincent), working with the same liquid 
(mineral oil), obtained four different values by four different methods, ranging 
from 2-9 to 119 atmospheres, and a spread of similar extent is found by comparing 
the results for water. In addition, all the observed results are enormously below 
the theoretical values. For water the cohesion, or “‘ intrinsic pressure’’, calculated 
on the Laplace theory of capillarity, comes out at about 10,000 atmospheres. 
More refined considerations, taking account of the ‘‘ hole” structure of the liquid 
explicitly (Firth, 1941), still lead to a value of about 3000 atmospheres. A similar 
discrepancy between the observed and calculated strengths of solids has long 
been known. Joffé (1928) has shown that part at least of the latter discrepancy 
is due to surface cracks leading to a non-uniform stressing. Such explanations 
are not possible for liquids, since stresses cannot be “locked up” in part of a 
liquid, but must distribute themselves uniformly through it. 

It seems certain that the assumptions underlying some of the methods are 
faulty and that not all of the observers are really measuring the same thing. 
For example, the liquid may really be failing by tearing away from the supporting 
surface of the containing vessel so that the properties of this are important. (‘This 
certainly seems to occur with the Berthelot method.) ‘This might help to explain 
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some of the discrepancies between the various methods, but hardly that between 
theory and experiment. (If it was a fact that the cohesion was immensely stronger || 
than the adhesion, the liquid would not wet the surface at all.) Again, it is quite | 
likely that the critical tension in a liquid may depend on whether the stress is ih 
applied statically or dynamically. Such effects are familiar in solids. Yet a third 
possibility is that a prior application of pressure may alter the properties of the 
liquid under tension or may make it adhere better. Harvey’s work (1944) seems 
to point to an effect of this kind. 

We shall now enumerate and discuss some assumptions made by the observers. 
There is first the assumption that certain physical quantities measured at zero | 
or positive pressure can be assumed to retain the same, or nearly the same, values 
under conditions of tension. In Dixon’s method (1909) it is assumed that the 
compressibility and coefficient of expansion of water are unaffected in order 
of magnitude by tension. In Worthington’s (1892) and Meyer’s (1911) method 
it is assumed that a calibration of their measuring instruments for positive pressures 
holds good for tensions. In Vincent’s tonometer method (1943 a) it is assumed 
that the viscosity is unaffected by tension. It seems most unlikely that. 
Worthington’s and Meyer’s assumption that the changes of shape of a glass vessel 
are equal and opposite for pressure and tension can be seriously in error, because 
glass obeys Hooke’s law until near its breaking point. There is rather more doubt |] 
about the physical properties of liquids under tension, because they have not 
been measured. If it were possible to apply sufficient tension, the properties |}/ 
of the liquids would certainly be changed, just as they are at high pressures, 
but it seems certain that these tensions would have to be comparable with the 
theoretical breaking strength=-that is, with the energy necessary to remove the} 
molecules from one another’s influence, which quantity can be inferred from the}} 
latent heat or surface tension. ‘The only experimental results that both involve | 
this assumption and point to tensions at all comparable with the theoretical |] 
strength seem to be those of Dixon (1909). Any criticism of Dixon’s work on these | 
lines, implying that the extensibility of water may be much greater than thel} 
compressibility, and his inferred tensions therefore too high, tends to stultify |} 
itself, because it implies that the actual values of tension are lower, and thus lessens |] 
the probable departure of the properties of water from those measured at zero} 
pressure. | 

A second assumption implicit in Dixon’s work is that the pressure in the! 
tube is nearly zero at the moment when it fills with liquid. Vincent and Simmonds | 
(1943) have brought forward some evidence that this assumption is in error for} 
his mineral oil, and later in this paper we shall bring forward other evidence ]| 
for water (also pointing in this direction). An assumption of a different kind is } 
implicit in the Reynolds centrifugal method. One is inclined rather hastily | 
to assume that the liquid in the tube rotates like a rigid body and that the liquid i is. | 
being stressed statically. Later in this report we shall examine the situation in| 
detail, when it will appear that the stress is dynamic rather than static, and that | 
conditions are in another respect unfavourable for the development of large |} 
tensions, so that the centrifugal method cannot fairly be compared with the truly | 
static methods. In addition, it is almost impossible to avoid vibration completely. 


The resulting accelerations mean that the maximum tension actually applied to the 
water is greater than the “centrifugal ”’ value. 
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We feel bound to take exception to one statement by Vincent (1941, p. 128): 
“The only two methods that are theoretically irreproachable, those of Osborne 
Reynolds and Budgett, give comparatively low results”. We have pointed out 
above that Budgett’s experiments give a rather high result if his own interpretation 
of them is correct, and we see no reason to question it. Secondly, we hope to 
show below that Reynolds’ method does not measure precisely the same physical 


quantity as do static methods, so that at least in this sense it is not “ theoretically 
irreproachable”’. 


$4. DESCRIPTION OF WORK CARRIED OUT AND OBJECTIVES 
AIMED AT 


The objectives of the work now to be described were threefold. 


(a) To try and find some reasons for the wide discordance of observed 
results. 

(o) To ascertain something about the probable behaviour of water under 
impulsive, as distinct from static, loading. 

(c) To investigate possible reasons for the disagreement between theory 
and experiment. 


It is believed that objective (a) has been partly attained in that acceptable 
explanations have been found for the very high results obtained by Dixon using 
the Berthelot method and the low ones obtained by the centrifugal method 
(Reynolds, 1878) and by Vincent with the metal bellows. Objective (6) requires 
further work, but the indications are that water is weaker dynamically than 
it is statically. Harvey’s work should help progress towards objective (c). He 
found that strong centrifuging or pre-compression of water to 1000 atmospheres 
materially increased its power to withstand tension, probably by the removal 
of stray nuclei and dissolved gases. The work carried out may be ‘subdivided 
into three parts which will be described separately. The first part was an examina- 
tion of the Berthelot method of measuring tension. A modification was made 
which is believed to be capable of giving more reliable results. ‘The second part 
was an examination of the Reynolds method. ‘The third part was a brief study 
of cavitation occurring when water is sucked through a constricted tube. 


§5. EXAMINATION OF THE BERTHELOT METHOD 
OF MEASURING TENSION 

Suspicion about this method was first aroused by the fact that attempts 
to repeat Dixon’s experiments in wider tubes (about 5 mm. bore), invariably 
led to the tube bursting, before it filled, however slowly it was heated. A slightly 
smaller and stronger tube of 3 mm. bore and 1 mm. wall was then used. These 
experiments were successful but a large percentage of bursts still occurred. 
(The bursting strength of such tubing is given by Kaye and Laby as 280 atmos- 
pheres, but they recommend a large factor of safety to allow for “locked-in” 
stress). Attempts were made to repeat the work of Dixon and Joly (1895) by 
measuring geometrically the size of the cavity formed by shaking together all the 
small bubbles that appeared when the water broke, but it proved impossible 
to get sufficient accuracy. (It will be remembered that Dixon and Joly obtained 
several values by this method, of which the largest was only 7:5 atmospheres.) 
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It was therefore decided to use a weighing method, to determine this volume, | 
analogous to Dumas’ method of determining vapour density. An account of a | 
typical experiment follows. 


A soda-glass tube of bore 3 mm. and wall thickness 1 mm., and about 15 cm. | 
long, was rinsed with acetone, then with distilled water, and dried. It was then |j 
sealed at one end and drawn down to a jet near the other end, annealed in the yellow 
flame and filled with distilled water by heating and cooling. It was then connected | 


to a filter pump and left at room temperature until no more air bubbles appeared. | 
Those which had appeared were coaxed through the constriction by tapping _ 
and by alternately removing the tube from the filter pump and replacing it. With | 
the filter pump still running, the water was driven from the centre of the con- | 
striction by a small blow-flame. The heat was then increased and the tube sealed. | 


(The finished tubes were about 10 cm. long, weighed about 5-7 grams and | | 


contained about 1 c.c. of water. Some were sealed while open to the atmosphere, 
but it was found much easier to seal under the pump.) The finished tube was 
transferred to a beaker of water which was frequently stirred and heated until 
the bubble in the tube had become fairly small. The rate of heating was then | 
reduced to about $°c. per min. Since the time-constant for conductivity of heat — 


through such a tube comes out at about 4 sec., there are unlikely to be any serious _ |} 


temperature differences. It was found possible to determine a “filling tem- | 
perature”’ for the tube. If the bath was below the filling temperature, a bubble | 


appeared in the tube almost immediately after it was removed from the bath, and j]f 
expanded rapidly as the temperature fell. If the bath was above this temperature, _ 


the liquid continued to fill the tube for several seconds after removal from the bath, J] 
finally failing with a “‘click”’ very similar to the.cracking of glass. With a little 
experience it was found that the filling temperature could be determined to within 
1° c. and in most cases to better than }° c. It was found possible to remove the tube 
from the bath, watch it for a few seconds and decide whether the filling temperature |] 
had been reached or not, and then replace it in the bath before a break occurred. 
The filling temperature was found be to very reproducible. The temperature 
at which the last visible bubble disappeared could not be determined very 
accurately, but it appeared to be about 2° to 5°c. below the filling temperature. 
The temperature at which the liquid broke was next determined by transferring 
the tube to a smaller bath (actually a boiling tube), containing water at the same 
temperature, which was allowed to cool naturally in the laboratory at the rate 
of 3° to 1°c. per minute, with occasional stirring. The temperature at which the 
water broke was immediately read and, in most cases, was reproducible to within 
3°C. (To make sure that the rate of cooling was not excessive, one tube was tested 
by allowing it to cool down in the much larger bath in which it had been heated, 
the natural cooling rate of which was about 0°-1c. per minute. The breaking 
temperature was twice determined in this way, and the results were indistin- 
guishable from those obtained with the quicker rate of cooling.) The tube was 
then nicked with a file at the constriction, dried carefully, left in the balance-case 
to attain a steady state and weighed to 0-1 .uilligram with a catenary-chainr, 
balance. ‘The tube was then broken open, filled with water by heating and cooling 
in the bath, and removed from it when the bath had attained the breaking tem- 
perature. ‘The tube and piece cut off were dried carefully and again weighed 
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to 0-1 milligram. (A “blank” experiment showed that, provided the break was 
clean, there was no measurable loss of weight due to possible splinters of glass.) 
The difference, usually of the order of 2-3 milligrams, represents, after correction 
is made for the yielding of the glass, the contraction of the water after failure. 
The tube was finally weighed empty to determine the total mass of water. At the 
suggestion of Professor Rideal, four tubes were tested after having been cleaned 
with hot chromic acid instead of acetone, and in one of these an approximately 
3% soap solution was used instead of water. The results were very similar to the 
others. 

A second series of experiments was carried out on identical lines except 
that a few steel chips or a turning were included in the tube. The steel was washed 
with acetone, dried by exposure to air, then rinsed with water. The filling tem- 


Table 1. Results for plain glass tubes 


Filling | Breaking | Extension (%) Meth baer 
temp. temp. lj Remarks 
(Gace) (c.) | Apparent | True seanine ube 
82 59 1-35 —- Under atmosphere 
80°5 67:5 0-79 0:34 is ~ 
75 70:5 0-24 0-11 | Under pump 
48 33 0:59 0:14 ” ” 
41 19 0-61 — Under atmosphere 
59 36:5 1:03 4 »” ” 
61 38°5 1-08 0-21 ep 5 
58 40 0:87 0-12 | , i Same tube gave two 
58 37 0-95 0-19 i, i f — sets of values 
58 37°5 0-91 O15 <5 % eho. 
58 40-5 0-85 0-079 . ‘ (ea ea tubes 
62 48 0-70 0-20 6 3 
54:5 40 0-71 0:20 | Under pump Cleaned with chromic acid 
63°5 53%5 0-47 O12 % a6 99 » 
TP 59°5 0-70 0:10 * Ns 48 ¥ 
; ; { Ditto with $% soap 
61 MY 055 el 2 de ‘dissolved in the water 


Mean true extension=0'16%, corresponding to 32 atmospheres tension. 


perature was not so easy to determine as with the plain water and exhibited a 
decided tendency to rise, settling down to a value 3° to 5°c. above its initial value 
after a few cycles. The filling temperature of one tube was determined and again 
determined 10 days later. It was found to have risen 7°c., but no rust was visible 
on the steel. This anomaly is no doubt due to the absorption of dissolved gases 
by the steel, thus increasing the temperature necessary to develop a given pressure 
in the tube. (It was never observed with the plain water tubes.) The breaking 

‘temperature was always very reproducible, but the “clicks”” seemed to be notice- 
ably feebler than with plain water. The results are given in tables 1 and 2. 

The columns headed “‘ Apparent extension” were obtained from the filling 
and breaking temperatures, using the data in the International Critical Tables 
on the density of water at various temperatures. No corrections have been made 
for the thermal expansion of glass or for its yield under stress. If we had assumed 
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that the pressure was zero at the filling temperature and had then corrected for the |] 
elastic yield, we should obtain tensions comparable with Dixon’s (1909). 
The columns headed ‘“‘True extension”? were obtained from the weighings | 


described above, in which the percentage contraction of the water after failure ||| 
was determined. It is necessary to correct these figures for the elastic deformation | 


of the glass, and this was done by the method used by Dixon. The corrected values 
are those given in the table. These readings do not depend on the filling tempera- | 
ture, and are thus independent of those for apparent extension. 

Suppose we have a tension TJ in the tube, the fractional increase in volume 
of the water is BT, where f is the coefficient of compressibility of the water. The | 


Table 2. Results for tubes containing pieces of steel 


| Filling | Breaking | Extension (%) _ Method at 
temp. temp. stealing tube Remarks 
Ces) (Ses) Apparent | True 
72 51 1-09 0-060 | Under atmosphere | Steel and brass filings 
S1la5 40 0:56 — - i » 12 Initial values 
58°5 42 0-80 oe Y x » 12 values after 10 days 
62 51 0-55 0-076 5 - Very small steel chips. 
Dill 43 0-40 0-010 | Under pump Steel turning 
C2 53 1:01 0-041 | Under atmosphere a ~ 
6255 48 0-73 0-042 4 Pe ke i 
64:5 50 0-74 0-113 a * =, i 
| 


Mean true extension =0'058°, corresponding to 12 atmospheres tension. 


fractional decrease in the internal volume of the tube is, by Lamé’s equation, 
AVE eee T= i 
Va) Ree ee 


R=external radius of tube, k=compression modulus of glass, 
y=internal radius of tube, n= torsion modulus of glass. 


where 


Evidently this quantity must be added to BT to obtain the relative change of 
volume which is given by the weighings. We have 


7) Pe 3) AV TP fy RR 
( NE ATE aanen % (7). =BT+ w—alZ sf ~). seni (1) 


AV ops, and Vos, are determined directly from the weighings, independently of 
the temperatures. 


We have 


B=49-5 x 10° per atmosphere. (Kaye and Laby.) 
k=4x 10° atmospheres. (Dixon.) 

n=3x 10° atmospheres. (Dixon.) 

R=0-25 cm. 7=0-15 cm. 
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Inserting these values, we obtain the results 


AV/V ops. =56 x 10-6 T (T being measured in atmospheres). 


AV nN 4 
Pacey = = : 6 
eee 087(55) a eo i 


AV 3 
(F) is tabulated. 


Strictly speaking we ought to allow for the variation of 8 with temperature. 
Inspection of Bridgman’s data in the International Critical Tables indicates that 
this variation is fairly slow (actually a decrease with rising temperature), but 
exact figures cannot be obtained as Bridgman uses a large pressure-interval :— 

It will be seen, therefore, that we obtain the following values for tension in 
water, using the corrected figures for true extension :— 


In the presence of glass. Mean 32 atmospheres. Maximum 68 atmospheres. 
Minimum 16 atmospheres. 


In the presence of steel. Mean 12 atmospheres. Maximum 23 atmospheres. 
Minimum 2 atmospheres. 


It was thought advisable to obtain an independent check on the validity or 
otherwise of Dixon’s assumption of zero pressure at the filling temperature. 
One method of doing this was to examine the tube between crossed polaroids, 
which enabled the changes of stressing of the tube to be followed qualitatively, 
and a rough determination to be made of the temperature at which the pressure 
in the tube was zero. A second method, suggested by Sir Geoffrey Taylor, was to 
‘enclose the tube in an outer jacket connected to a capillary, which enabled the 
change in volume of the Berthelot tube when it was cut open, or when it was allowed 
to cool until the liquid broke, to be determined directly. While it can be stated 
that the results confirm those of the present investigation, it has been thovent 
advisable to publish the details separately. 


$6: DESCRIPTION OF MODE OF FAILURE OF WATER 


As already stated, the failure occurred with a click. he water remained 
“‘crystal clear”’, even when examined by very strong light, right up to the moment 
of failure, there being no sign of opalescence such as occurs near the critical 
point. The first appearance at failure was a cloud of barely visible bubbles, which 
cloud faded away in about half a second, leaving a small number of bubbles about 
4mm. in diameter. For the tubes with steel in them the cloud invariably occurred 
near the steel. For the tubes containing plain water it was difficult to say whether 
the failure occurred in the water or at the glass surface. The tubes were kept 
standing upright while cooling and they sometimes jumped up a distance of one 
or two centimetres at failure. The energy associated with this is of the order 
of 104 ergs, a minute fraction of the energy stored up in the liquid under tension. 
The figure becomes of a more reasonable order of magnitude when one reflects 
that not all of this energy would go into sound waves and that only the energy 
directly incident on the bottom of the tube would be available for lifting it, the 
remainder travelling outwards into the water in the bath. 
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§7. EXAMINATION OF THE REYNOLDS CENTRIFUGAL METHOD 
OF MEASURING TENSION 

After a number of trials, an apparatus was developed consisting essentially || 

of a disc of aluminium rotated by an electric motor. A U-tube was clamped |} 
with its long arm along the diameter of the disc and its short arm lying flat on the | 
disc. The long arm was sealed, and the short arm was open to the atmosphere. — 
The speed of rotation was measured in three distinct ways: 

(a) By tachometer. 

(6) The motor was really a motor-generator and had two distinct com- | 
mutators and armature windings. By connecting a voltmeter across | 
one armature and the supply across the other one could measure the | 
voltage developed and obtain the speed once the voltmeter had been 
calibrated against the tachometer. This calibration was not sensitive | 
to change in voltage of the supply mains. 

(c) Late in the series of experiments a ‘“‘ Strobotac”’ (Neon tube with variable | 
frequency of flashing) was kindly loaned by E. in C. Department, 
Admiralty, which enabled the speed of rotation to be measured very 
accurately. It was hoped that it would also be possible to observe 
the cavitation process, but it was too rapid to follow visually. 


The disc was 9” in radius which, after allowing for the clamping arrangements 
and the length of the column of water in the short arm, gave an effective radius |} 
from centre to meniscus of about 8’’. The disc could be rotated at speeds of up to | 
2000 r.p.m., which gave a maximum tension of about 8 atmospheres if it may be 
assumed that the water moves like a rigid body so that we may apply the ordinary 
law of centrifugal force. (We shall discuss this assumption later.) Evidently 
the pressure at the centre is given by 


where fy is the pressure of the atmosphere, 7 the effective distance between the |} 
centre and the meniscus and w the angular velocity. Since all these quantities |] 
can be measured, the tension at the centre just before break can be calculated. 
(The velocity of rotation was increased slowly by means of a variable resistance |} 
in order to avoid any contribution to the tension from terms involving dw/dt. | 
It is easily shown that the Bernoulli variation of pressure due to some air being |} 
carried round by the disc cannot be large enough to matter. 
Attempts were first made to use air-free water, but we found, by a sensitive |] 
test to be described later, that, even if water is boiled for many hours in the ]f} 
atmosphere or is left under a vacuum with constant shaking, there are still dis- | | 
solved gases left. Since the readings for a single sample of water showed wide ! | 
variations of critical tension it would be difficult to compare the readings on two | 
different days if we used water with uncertain amounts of dissoived gas in it. 
It was therefore decided to use tap water without treatment. It was found to bal 
saturated, or nearly saturated, with air, as would be the water in many cases in 
which cavitation occurs in practice. ‘The’ experiments were carried out with | 
four different bores of tube (1 mm., 2 mm., 3 mm. and 5 mm.). Late in the series 
it was realized that the distance between the axis of rotation and the sealed end | 


of the tube might also be of significance, so the overail length of the tube was 
recorded. 
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§8. RESULTS 


A summary of the results is given in table 3. 


Table 3 
ee of NoLeeE Mean Highest Lowest 
tube experiments tension reading reading 
(mm.) (atm.) (atm.) (atm.) 
5 16 0-88 DD) 0-1 
3 25 123 ps3 Zero 
2 24 1-00 5-0 Zero 
1 Di 2°34 5-65 Zero 


For those experiments in which it was recorded, the overall length of tube was 
plotted against critical tension. It was obvious that the correlation between tension 
and length is very slight, even if it exists at all. There is, however, clear evidence 
of an increase of critical tension as the bore of the tube is decreased from 5 mm. 
to 1 mm., though the results for 3 mm. and 2 mm. showa slight reversal. As we 
shall see, there are theoretical reasons for expecting such an increase in observed 
tension with smaller diameter. It will be seen that the highest values are of the same 
order of magnitude as that obtained by Reynolds (4-8 atmospheres), though we 
do not know what bore of tube he used. 


§9. THEORETICAL ANALYSIS OF THE CENTRIFUGAL METHOD 


On the assumption that the motion of the liquid in the tube is entirely 
irrotational, we can discuss it qualitatively by using the well-known equations 
for motion in an ellipsoidal envelope (Lamb’s Hydrodynamics, 5th edn. p. 147). 
This solution implies considerable slipping of the liquid along the boundary near 
the short axis of the ellipsoid, but it also implies that, in any real liquid, there must 
be a boundary layer growing with time, and that in time all the liquid in the tube 
will be rotating with the same angular velocity as the boundary. (We are very 
grateful to Sir Geoffrey Taylor for pointing this out to us.) The time interval 
associated with the change-over is easily computed from the equations of diffusion 
of vorticity, which are of the same form as the equation of heat-conduction. 
It is of the order of na?/p, where 7 is the viscosity, p the density, and a is the radius 
of the tube. For a tube of 5 mm. bore this is only about 6 seconds, which is short 
compared with the time taken by an experiment, so the stirring-up of the liquid 
due to its inertia is not likely to be important. 

If however, the angular velocity is not constant, but increases with time, 
we still get a stirring effect even if the liquid as a whole does not lag behind the 
rotation of the tube. If we reduce the tube to rest by a transformation of axes, 
we have to introduce the following field of force to allow for the effect of the 
rotation 

F=m (onfone ae Quon + a) ee Wee eae (2) 
where m is the mass of a particular particle of fluid, r its radius vector, and w the 
vector representing angular velocity, which we may suppose to be directed along 
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the z axis. The first term in this expression is the ordinary centrifugal force |}; 
which produces a pressure-gradient along the tube. ‘The second term is the Coriolis ||) 
force, which can contribute nothing to the pressure-gradient along the tube unless |} 
there is relative motion of the tube and the liquid as a whole. The third term is |} 
proportional to the angular acceleration and gives a longitudinal pressure-gradient 
antisymmetrical about a plane through the z axis and the axis of the tube. The 
corresponding two-dimensional problem can be solved easily. Suppose we have | 
the liquid moving between two planes at a distance d apart. Let the x axis lie 
midway between the planes and let the y axis be perpendicular to them. Then 
we have 


Oy. - pas | aes ae ee (3) 
and the solution of this equation for which the tangential velocity vanishes at : 
Vet ai2i6 
e -£( a 5) a oe (4) 
eo OR ry 
d Wes dp dw 
The maximum velocity occurs at y= was and is given by V,= 36) 12 aE 


This implies that if the tube is slowly accelerated from an angular velocity of 
zero to w, a particle of liquid may be shifted a distance of the order of magnitude | 
pee iay if d is the diameter of the tube. For our widest tubes d was 5 mm., |]f 
36nV 12 1 
which makes this distance 13 cm. for a final rate of rotation of 20 revolutions |}j 
per second, and this is comparable with the total length of the tube. It is therefore | 
quite likely that minute air-bubbles or other nuclei might be carried to the 
axis of rotation and thus help the liquid to break. (This theory also we owe to | 
Sir Geoffrey Taylor.) 
Our observed tensions are in fact larger for the smallest tubes, in agreement jf] 
both with this and the irrotational theories, but the irrotational theory also predicts | 
a larger observed tension when the axis of rotation is near the sealed end of the tube }}} 
than when it is near the centre, because of the greater slipping that would occur |}} 
in the latter case, whereas there is no particular reason for expecting such correla- | 
tion on Sir Geoffrey Taylor’s theory. In fact we looked for correlation between | 
the observed tensions and the distances of the axis of rotation from the sealed end, | 
but we could find no evidence of any. | 
There is a second mechanism that would tend to bring any minute gas bubbles |} 
towards the axis of rotation—the pressure gradient in the tube. As we have seen, | 
the distribution of pressure is given with sufficient accuracy by _ 


P=Po— Zpw?x". 


The force on a bubble of radius r due to the pressure gradient is given by 


‘The force on it due to viscosity is given by 


dx 
67nr dt is 
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(Stokes’ law is here only a rough approximation owing to the presence of the 
walls.) he force on the bubble due to acceleration of the surrounding liquid is 


2 gvx 
3 PO ae 


since the virtual mass is half that of the displaced liquid. 

The equation of motion is, therefore, 

Pa 4 Dy dx 
TE + Spr ap t2we=0. oe (7) 

Consider a small bubble of radius such that its surface tension just balances 
the centrifugal tension on the axis of rotation. Assume the values for the constants 
already taken, i.e. a=20 cm., w=407. The tension at the centre is the 2-15 
atmospheres, and the corresponding value of r is 6-8 x 10-* cm., taking the surface 
tension as 74 dynes/cm. Taking 7=0-01 c.g.s. units and inserting numerical 
values, equation (7) becomes 

2 a 

= +19-4x 108 +3°2 x10 7—=0, 

whence it is clear that the motion of such a bubble would be over-damped and 
would have a time-constant of the order of 600 seconds. 

The conclusion that one reaches from these investigations is that the centrifugal 
method is theoretically unfavourable for the production of large tensions even if 
there is no vibration in the apparatus. Any vibration would set up acceleration 
and reduce the observed tension, because any small bubbles previously existing 
in the liquid would tend to be brought near the axis of rotation by the lag of the 
water behind the tube and by the pressure gradient of the centrifugal force, and this 
process might well take a time comparable with that needed to do the experiment, 
especially for a very narrow tube. Harvey found that very vigorous centrifuging 
(acceleration 4000 g) is necessary to remove gas-nuclei from water in a reasonable 
time. (The accelerations used by us in the above experiments were only about 


500.) 


10, A STUDY OF CAVITATION IN A CONSTRICTED TUBE 


A simple apparatus was constructed consisting of a pressure-flask exhausted 
by a filter-pump, to which were connected a mercury manometer, a stop-cock 
open to the atmosphere, enabling the pressure to be held at any desired value, 
and a tube with a constriction connected to the pressure flask by a short piece 
of rubber tubing. The other end of the tube was immersed in a beaker of the 
water to be tested. The pressure in the flask was allowed to fall until cavitation 
just occurred at the constriction. The pressure-difference was then read on the 
manometer and held constant while the rate of flow of water was measured, 
A “blank” experiment was then performed with a tube without a constriction, 
the pressure being adjusted until the rate of flow was thesame. At the conclusion 
of a series of experiments, the tube was cut open at the constriction and its diameter 
measured by a travelling microscope. The tension can now be calculated if it may 
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be assumed that the flow in the constriction is laminar. If it is turbulent, the }| 
actual tension will be greater. An analysis of a typical set of experiments follows: | 


Bore of tube 0:3 cm. 
Mean diameter at constriction 0-078 em. Area =4-8 x 10-3 cm? 


Tap water. | 
Cavitates at 50-5 cm. below atmosphere and 4:2 c.c./sec. flow = 875 cm./sec., 
Calculated tension, 0-05 atmosphere. 


Tap water passed once through apparatus. 
Cavitates at 58-0 cm. below atmosphere and 4:3 c.c./sec. flow = 895 cm./sec. 
Calculated tension, 0-22 atmosphere. 


Tap water passed 3 times through apparatus, then left 3 hours under vacuum. 


Cavitates at 64-5 cm. below atmosphere and 4-4 c.c./sec. = 920 cm./sec. 
Calculated tension, 0-27 atmosphere. 


The Reynolds number for such rates of flow is of the order of 4000, so the 
flow may be turbulent, in which case these values are lower limits only. A region} 
of turbulence would obviously be a very unfavourable one for the survival of | 
a metastable state of the liquid, so these values cannot fairly be compared va 
those obtained under static conditions. 

The apparatus was designed with two other objects in mind: 

First, to detect the presence of dissolved gases in water. ‘This can easily be} 
done by sucking the water through the constriction until it cavitates, then |]] 
suddenly stopping the flow by pinching the rubber tube. The pressure rises to. 
atmospheric, the cavitation disappears except for any dissolved gases that may | 
have been released by the cavitation, which remain in the form of bubbles. 
Tests on water which had been boiled for many hours still showed traces of gases, |} 
and the same was true of water left in a vacuum for several hours or water that |] 
had passed many times through the apparatus, so it appears to be very difficult jf} 
to remove nuclei completely from water. I} 

The second object was to try and get a qualitative picture of what probably ]]] 
occurs behind a ‘“‘ breaking-front”’ in water, e.g. when an explosion pulse is reflected |} 
at a free surface, causing cavitation. The direction of flow of water is in general |}] 
away from sucha front. For this study a tube about 3 feet long, with a constriction | | 
near the far end, was used. For water nearly saturated with air, isolated bubbles |} 
appeared a long way beyond the constriction long before they were in evidence | | 
near it. When cavitation at the constriction was definitely established, the sizes 
of bubble just beyond it were distributed almost at random, but the large bubbles ||) 
moved faster and overtook the smaller ones, so that the distribution showed | 
large bubbles far from the constriction, and small ones near it. 


§11. DISCUSSION 


We think that our examination of Reynolds’ centrifugal method gives an 
acceptable explanation of the low values commonly obtained by it. Our examina- 
tion of the Berthelot method seems to account for the high readings obtained 
by Dixon (1909), but it remains to be explained why it needs a high pressure 
(which from our experiments appears to be of the order of 50-100 atmospheres) 
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to persuade the water to stick to the glass. It was suggested to us by Professor Rideal 
(private communication) that this might be due to the trapped gas being forced 
into fissures in the glass. Harvey (1944) has pointed out that if the “advancing” 
and “receding” contact angles differ, there will, for any given mass of gas in a 
fissure, be a finite range of pressures for which the size of the gas bubble in the 
fissure will remain practically constant. However, it does not follow that one would 
get larger tensions by increasing the intial pressure, because one might alter the 
shape of the fissures. Vincent’s work (Vincent and Simmonds, 1943, p. 378) clearly 
shows that there is a limit to the excess pressure one can usefully apply, and with 
our tubes which are near their bursting pressures the limit is probably much lower. 
One of our tubes was by mistake heated 5°c. above the filling temperature, but 
the breaking temperature was unaltered. A repetition of the experiment gave 
a similar result. 

If we discount the high readings obtained by Dixon and the low values 
obtained by the Reynolds centrifugal method we have the following set of values 
for water in the presence of glass: 


16-68 atmospheres (mean 32 atmospheres). (Modified Berthelot.) 
34 atmospheres. (Meyer.) 


For water in the presence of steel we have: 
2-23 atmospheres (mean 12 atmospheres). (Modified Berthelot.) 
Up to 60 atmospheres. (Budgett.) 


The agreement for the second set of results is still not very good. 

There remain the very low values obtained by Vincent, with his tonometer 
(7-8 atmospheres) and his metal bellows (2-3 atmospheres). ‘Though none of 
these are for water, they are for liquids which seem to behave like water in that 
by other methods they have given results comparable with water. The low values 
with the bellows may well be due to the fact that pressure was not previously 
applied. Our results show also that low values are quite possible in the presence 
of steel even with the prior application of pressure. The tonometer suffers from 
one of the defects of the Reynolds method in that there is a gradient of tension 
which would tend to drive any nuclei towards the regions of greatest tension, 
and this may account for the low values observed with it. 


§12. CONCLUSION 


Ordinary water, even if it contains dissolved air, can stand static tensions 
of the order of 40 atmospheres. Under dynamic conditions the value is probably 
less, and drops to an almost negligible value if the flow becomes turbulent. The 
work with the Reynolds apparatus establishes that even water nearly saturated 
with air can stand tensions of up to 6 atmospheres. A tension of 40 atmospheres 
is ample to pull sap up the tallest trees, and is not inconsistent with the data on the 
projection of spores. 
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Note added in proof: 1 no longer consider that the theoretical breaking | 
strength of a liquid is equal to the so-called “ intrinsic pressure.” It may, in 
fact, be very much less. I hope to discuss this point in a later paper. 
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ABSTRACT. In continuation of the research described in Part I (Temperley and 
Chambers, 1946), a further examination of the Berthelot method of producing tensions. 
in liquids has been made. The critical tension of water has been measured by a method 
which does not assume that the extensibility and compressibility of water are equal, and. 
other evidence in confirmation of this assumption has been obtained. It is concluded 
that high pressures are necessary in the Berthelot tube to force the final gas bubble to dis- 
solve in a reasonable time, and that this fact is probably due to the low rates of diffusion 
of gases through liquids. It is also concluded that there is a large discrepancy between the. 
theoretical and the observed strength of water. ’ 


Sy a ISAM ROYOLO CANON 


N Part I of this paper (‘Temperley and Chambers, 1946) some experiments. |] 
|= the behaviour of water under tension were described. Two methods of 
producing tension in liquids were examined in detail, the Reynolds centrifugal 
method and the method due to Berthelot, which consists of sealing water or other 
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liquid in a glass tube together with a trace of air, heating the whole until the 
liquid expands sufficiently to fill the tube completely, then cooling until the liquid 
fails by hydrostatic tension and no longer fills the tube completely. This method 
has been used by a number of observers besides Berthelot, for example Dixon 
and Joly (1895), Dixon (1909) and Vincent (1943). In Part I the available 
evidence was reviewed and some experiments by a modification of the Berthelot 
method were described, and it was concluded that the very high values of critical 
tension, of the order of 200 atmospheres, sometimes obtained by this method 
were probably false, and that the true value was probably in the neighbourhood 
of 30 to 50 atmospheres. It was suggested that the discrepancy was probably 
due to high pressures being generated in the tubes before they filled with liquid. 
If this conclusion is correct, it means that the theoretical strength of water is too 
high by a factor of the order of 100. A discrepancy of similar order has long been 
known to exist for solids, but the conventional explanations of this in terms of 
surface-cracks and stress-concentrations seem quite inadmissible for liquids. 
In view of the possible theoretical importance of the conclusions of Part I, it was 
thought desirable to obtain independent confirmation of them by at least one new 
method. This paper describes a further examination of the Berthelot method 
and some new modifications of it. 


§2. PRELIMINARY EXPERIMENTS 


A number of tubes were made up by the method described in Part I with 
“filling temperatures” ranging from 30-80°c. (It will be remembered that the 
“filling temperature’’, as defined in Part I, was the lowest temperature at which 
a tube would fill completely and thus enable the water to be subjected to tension 
on cooling.) These tubes were heated to the filling temperature in a beaker of water 
which was then allowed to cool slowly. ‘The state of stress in the glass could 
be followed qualitatively by viewing the tube between crossed pieces of Polaroid, 
the glass becoming doubly refracting under stress, and it was invariably found that 
the glass was under stress at the filling temperature, that the stress decreased 
to asmall or zero value as the temperature fell, only to increase again as the breaking 
temperature was approached, finally vanishing abruptly when the water inside 
the tube broke under tension. Unfortunately, it was not possible to locate with 
any accuracy the temperature at which the stress in the tube was zero, there being 
an uncertainty in either direction of the order of 2 or 3°c., corresponding to about 
10 to 20 atmospheres. This photo-elastic method in its present form could, 
therefore, only give very rough measurements of tension, but it does provide 
qualitative confirmation of the work described by ‘Temperley and Chambers 
in Part I, by proving that the pressure in the tube is mot small at the filling tem- 
perature, and that the temperature at which the pressure does vanish is nearer 
the breaking temperature than the filling temperature. 

The actual process of disappearance of the bubble of gas as a tube was heated 
slowly to the filling temperature was watched by means of a low-power microscope 
(magnification about 30). It would have been of little use to employ a higher 
power, because the image of the bubble became blurred as the filling temperature 
was approached, presumably owing to the stresses destroying the optical unifor- 
mity of the glass. It was, however, possible to identify definitely the instant at 
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which the last bubble disappeared, and it was found that, if the tube was} 
immediately removed from the bath, the water subsequently broke under tension,| 
so that the temperature of disappearance of the bubble was identical with the}p 
filling temperature. (In the work described in Part I the disappearance of thal 
bubble was judged visually, but without a microscope, and the two temperatures} 
were thought to be separated by a few degrees.) It is hard to see why a minute 
gas bubble should be able to persist for long periods in the presence of liquid 
at high pressure, but this appears to be due to the very low numerical value 
of diffusivities. We shall return to this point in more detail later on. | 

It was thought possible that something analogous to the cloud-chambei}| 
phenomenon might occur with water in its metastable state under tension, in chal 
an energetic charged particle might act as a nucleus and initiate the failure of thd 
liquid. Various tubes have been cooled in the presence of a beta-particle source] 
but the results have so far been completely negative. 

Attempts were also made to modify the Berthelot experiment for water b i 
lowering tubes gradually into brine kept at about —10° c. by a freezing mixture, 
instead of by heating them. The expansion of the water as it froze set up pressure 
and compressed the gas bubble remaining in the tube, exactly as in the ordinal 
version of the experiment, but the freezing had to be done much more cautiousl | 
than the heating in order to get the tube to fill without bursting. It was found that 
water adheres to ice less strongly than it does to glass, in that failure (when the 
tube was removed from the brine and allowed to warm up naturally in the} 
laboratory) invariably occurred by the formation of a few fairly large bubbles} 
at an ice-water surface and without the sharp click that is so characteristic of the! 
ordinary Berthelot experiment. One might interpret this result as meaning thatif| 
water cannot exert tension on ice in equilibrium with it. One might expect water) 
to adhere to ice better than to other solids, but the result becomes reasonable whe | | 
one reflects that, at pressures less than that of the triple point, the ice woul | 
sublime into vapour directly, so that the bubbles formed may have come direct i| 
from the ice. ‘The experiment, then, may simply mean that ice cannot assur 
a metastable state under tension in the way that water can. (It is well known that,}}) 
while water can be supercooled to a considerable degree, ice cannot be super-|}) 
heated.) 


i 


§3. QUANTITATIVE MEASUREMENTS 


A serious defect of the work described in Part I was that taking a measurement 
necessarily involved the destruction of the tube when it was cut open in orde 
to ascertain (by a weighing method) the total volume of cavity formed by the 
liquid when it broke. The reproducibility or otherwise of the critical tension 
associated with a given tube could then only be inferred indirectly from the 
reproducibility or otherwise of the breaking temperature. It will be remembered 
that in the work described in Part I the breaking temperature was found to be ve 
reproducible except for one tube. 

The method used was suggested by Sir Geoffrey Taylor, and it is similar ini} 
principle to that used by Worthington (1892). The Berthelot tube was surroundedi|\} 
by a water-jacket which ended in a fine capillary which was open to the atmosphere 
and was furnished with a scale to enable the movement of the meniscus to bd ) 
followed. An experiment was carried out as follows: The whole was heatedy 
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just above the filling temperature for the Berthelot tube and was then cooled 
to a temperature a few degrees above the breaking temperature, the open end 
of the capillary dipping into a reservoir so that the whole jacket was full of water. 
The reservoir was then removed and the cooling continued. The meniscus 
gradually fell in the capillary, and its position was read every half-minute and 
a cooling curve plotted. At the breaking temperature, the stress on the glass of the 
Berthelot tube was suddenly released as the tension vanished, and the tube con- 
sequently increased in volume, as was shown by a sudden rise in the level of the 
meniscus, and a consequent discontinuity in the cooling curve. The size of this 
discontinuity, together with a knowledge of the cross-section of the capillary 
and the dimensions of the Berthelot tube, enabled the tension inside the Berthelot 
tube to be estimated. 

A slight complication of this method is that the result would be vitiated if there 
were a large calorimetric effect when the liquid broke, because the heat released 
would cause the water in the jacket to expand, and this would be superposed 


Table 1. Summary of results with first tube 


i| 
Estimated tension 


Group | No. of heneiries (atmospheres) Liquid in 
expts. (10-* c.c.) jacket 
Mean | Max. | Min. 
A 8 3°9 INRSseR) |) P27) 13-5 | Water 
B Wal 7:8 Bi 44-5 | 25 Water 
c 5 9-9 46°5 | 53:5 | 31-5 | Meth. spirit 


on the effect due to the change of volume of the Berthelot tube. Although con- 
sideration of the various heat capacities involved showed that the error would 
not be serious even if all the energy stored up as tension in the water appeared 
as heat, it was considered desirable to make an estimate of the order of magnitude 
of the calorimetric effect. This was done by using methylated spirit in the jacket 
instead of water. Methylated spirit has a smaller heat capacity per unit volume, 
but a much larger coefficient of expansion than water, thus increasing the con- 
tribution of any calorimetric effect to the observed volume change. ‘To make 
this contribution as large as possible, the tube and jacket were allowed to cool 
in the laboratory, the outer bath being removed altogether. ‘The rate of fall of the 
meniscus in the capillary was kept small by using a Berthelot tube whose breaking 
temperature was only just above room temperature. Such tubes are quite easily 
made by the technique of sealing-off under a filter-pump described in Part I. 
A summary of the results obtained with this tube is given in table 1. 


Details of apparatus 


Berthelot tube: Effective length 10 cm. Internal radius 0-19 cm. External 
radius 0:29 cm. Filling temperature 47°c. Breaking temperature 18°-5c. 
Temperature of zero pressure estimated photoelastically to be 26:5+2°c. 
Water equivalent 0-55 gm. Internal volume 1-17 c.c. External volume 2°55 c.c. 

Jacket: length of wide portion 11:5 cm. Length of capillary 65 cm. Weight 
12 gm. Water equivalent 1-9 gm. Volume (available for liquid in jacket with 
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Berthelot tube in place) 1-77 c.c. Cross-section of portion of capillary used varied|) 
between 4-1 and 5-9 x 10~* cm? |) 
In group A the volume change was estimated from direct observation of the|| 
meniscus ; in groups B and C it was deduced from cooling curves. Owing to the} 
small cross section of the capillary, the movement of the meniscus was sometimes|} 
sluggish, and it continued to rise for several seconds after the water in the Berthelowf 
tube broke. It is thus not surprising that the results in group A are low. The) 
systematic difference between groups B and C does suggest that there was 
calorimetric effect, a hypothesis consistent with the shape of some of the cooling} 
curves. (Group C was brought prematurely to an end by the bursting of the tube. 
The tensions were estimated by means of Lamé’s formula (see Love, Elasticity)| i 


AV Le | Fe 

eee 
where k is the bulk modulus of glass (4 x 10° atm.) and x is the rigidity modulus} 
(3 x 10° atm.), these values being the ones used by Dixon (1909). We can estimat c| 
the order of magnitude of the calorimetric effect in the following way: suppose 
that x calories are liberated per c.c. of water in the Berthelot tube. If we assume 
that this heat is shared between the water in the tube, the tube itself and the liquid 
in the jacket, the rise in temperature is found to be 0-335 x °c. with water in the 
jacket and 0-456 x °c. with methylated spirit in the jacket. If, however, we suppose 
that the glass jacket also shares the heat, the figures become respectively 0-213 x | 
and 0:256x°c. We assume the following constants for water and methylated} 
spirit. Water: coefficient of expansion in neighbourhood of 20°c. 20 x 10-Jf} 
Methylated spirit: coefficient of expansion 12x 10-4; density 0:8;  specifid 
heat 0-6. On this basis we find, by a simple calculation, that to account for the} 
observed difference between the means of groups B and C we must have 


x = 0-24 calories/c.c. if heat is not shared with glass jacket, 
x =0-43 calories/c.c. if heat is shared with glass jacket. 


The potential energy associated with a tension of 37 atmospheres is 0-88 calories/\f| 
c.c., so that we may conclude that between 25 and 50% of this eventually appears 
as heat. Presumably most of the energy appears initially as sound, but is degrade i 
by repeated reflection at the walls of the tubes. Taking a figure of 40%, we seel 
that the values of tension in group B have to be reduced slightly to allow for the 
calorimetric effect. The corrected values are: Maximum 42 atmospheres; 
minimum 24 atmospheres; mean 35 atmospheres. These should be compared] 
with the value of 32 + 10 atmospheres deduced from the photoelastic measurement} 
on the same tube (making the conventional assumption that compressibili 
and extensibility are equal) and with the values of 16 to 68 atmospheres (mean] 
34 atmospheres) recorded in Part I, which also involve this assumption, but were} 
obtained from twelve different tubes. The method just described does not involve 
any such assumption, so that it seems that we have obtained an indirect check: 
on this assumption, but there is still the uncertainty arising from the fact that 
the check is made by comparing the results from different tubes. | 

Quite by chance, one of the tubes made during this investigation was found | 


! 


to have a very variable breaking temperature, which provided an opportunity 
a | | 


t 
q 


i 
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‘to decide between this assumption and the alternative hypothesis that microscopic 
bubbles are formed as soon as tension sets in, thus increasing the apparent exten- 
sibility. The tube was fitted with a water jacket, and the volume changes at 
“break” were determined exactly as before, except that this time the tube and 
jacket were enclosed in a beaker of water. The whole was allowed to cool slowly, 
and the temperature of the bath at break was recorded. A blank experiment 


Table 2. Results for tube with variable breaking temperature 


104 x 10* x 
Breaking Number of | Observed | calculated | Estimated 
temperature | experiments volume volume oo 
change change |(atmospheres) 
(Ges) (c.c.) 
38 1 4-0 IS) 19 
40 2 4-15 4:3 (Ios 
40-5 1 4-1 4-05 19E5 
41°5 2, 4-0 305) 19 
43 4 2:4 2°6 hikes 
44-5 1 2°6 iy 123 


showed that the time-lag between jacket and bath was quite small, and a simple 
calculation shows that the time-constant for heat conduction through the walls 
of the Berthelot tube is also of the order of a few seconds only. Although the results 
are obviously not very accurate, they do seem to point very definitely to the 
compressibility and extensibility being equal, and they are accordingly recorded 
in table 2. Worthington (1892) reached the same conclusion for ethyl alcohol. 


Details of second tube 


Effective length 10 cm. Internal radius 0:19 cm. External radius 0-29 cm. 
Filling temperature 58°c. Breaking temperatures between 44°:-5 and 38°c 
‘Temperature of zero pressure found photoelastically to be between 45° and 50° c. 
The figures headed “observed volume change”? refer to the change of the 
external volume of the Berthelot tube, which was determined by the method 
already described. The figures headed ‘calculated volume change’”’ were cal- 
culated on the basis that the temperature of zero pressure was 47°-5c. and that 
the compressibility and coefficient of expansion of water are the same under tension 
as at zero-pressure. The change in volume was calculated by Lamé’s formula 
as before. The agreement between calculated and observed values is only rough, 
but does seem definitely to rule out the possibility of any big change in the 
compressibility of water when tension is applied. As the method is obviously 
not capable of giving accurate results, an extended series of observations was not 


considered worth while. 
§4. DISCUSSION 


We seem to have established that it is necessary to develop pressures of the 
order of 50 to 100 atmospheres inside the Berthelot tubes in order to cause the 
final bubble of gas to disappear in a reasonable time, and that this fact has vitiated 
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some of the earlier measurements. We have now to find some explanation of thij| 
fact. We consider the diffusion of gas from the neighbourhood of the bubble}, 
For simplicity, we assume spherical symmetry, and neglect any effect of the gla | 
walls. The equation governing the concentration changes is 


Oc oc 8=—o 2 e i 
at =n(S + “5 ) oe =, M3 OPT ED We eterenetare (1) | 


The International Critical Tables give nas of the order of 10~° for all common gase c 
(measured in c.g.s. ee = We take c=1 to mean saturation, and assum, 


boundary conditions pee ay =O af r=a, the surface of the bubble, where ¢j” 
is a slowly varying function of time. To obtain an estimate of the lifetime 0. ! 
a bubble of radius a, we may, to a first approximation, assume a to be constant{j) 
and calculate the rates of decay with time of those solutions of equation (1) whick}) 
satisfy the boundary conditions initially. This will give us a measure of the rate 
at which gas diffuses away from the neighbourhood of the bubble. The relevan} 
solutions of equation (1) are of two types, 


L 
Sp a exp (—nk?t), C7= es as exp (—nl*t). ee cece (2) 


In order that the derivatives of these solutions should vanish at r=a, we mui 


have ka=tanka and /a=—cotla. The solution which decays with time the 
least rapidly is given by la~2, so that our estimate of the time-constant for thd 


’ ey LOSE = capa 
diffusion of gas away from a bubble of radius a is mn seconds if a is measured 


in centimetres. ‘Io reduce this time-constant to a reasonable value, say 10 seconds} | 
it follows that we must compress the gas-bubble to a radius of a few tenths of 
a millimetre, so that the inferred pressures of the order of 50 atmospheres needed 
for the tubes to fill in a reasonable time are quite reasonable. 

A microscopic examination of the process of filling of tubes did show that! | 
when more than one bubble was initially present, the small ones disappeared 
long before the large ones, and also that, if the bubble was confined in the narro | 
neck of the tube, diffusion thus being hindered, the tube was much more difficull | 
to fill than if the bubble was shaken into the wider portion. Investigation aif 
temperatures slightly below the filling temperature indicated that the bubbles} 
did still diminish in size, although very slowly, so that reduction of the filling} 
temperatures might be achieved at the expense of prolonging the time of the 
experiments. The above numerical estimate of the time-constant of the bubbles 1 
takes no account of any possible effect of pressure on diffusivity, but increasef: 
of pressure is not likely to increase the diffusivity. The author has been unable 
to find any numerical data on this point. 


§5. CONCLUSIONS 


We therefore seem to be forced to the conclusion that the strength of water 
in the presence of glass is of the order of 30 to 50 atmospheres, and that the highea} 
values reported by Dixon are due to the high pressures required to make the 
tubes fill in a reasonable time, which may, in turn, be traced to the low numerica 
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values of diffusivities in liquids. The discrepancy between the theoretical and the 
observed strength of water seems to be confirmed, and to merit further theoretical 
investigation. 
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ABSTRACT. The spherical and chromatic aberrations, the diffraction error and the total 
aberration of a magnetic electron lens are discussed, as regards variation with voltage, 
on the basis of theoretical data for the dependence of the aberration coefficients and focal 
length on lens power. The total aberration shows a minimum value at a given value of the 
lens power, in a lens of fixed aperture and maximum field strength. The minimum does 
not occur at either the minimum focal length or the minimum of the spherical aberration 
coefficient, but at intermediate values of these quantities. When the maximum field is 
10,000 oersteds, the minimum resolution is 10-12 a. at an accelerating voltage of 50 kv., 
the corresponding focal length being 2 mm. If the aperture is adjusted, in a lens of other- 
wise fixed dimensions, to the optimum value at each voltage, the total aberration varies 
very little at high voltages. If the lens dimensions are appropriately increased as well as the 
aperture, the total aberration can be progressively reduced with increasing voltage. 


§1. INERODUCTION 


LECTRON lenses are subject tothe same five aberrations as are optical lenses : 
astigmatism, coma, distortion, curvature of the field and spherical aberration. 
They also show chromatic aberration when the incident beam is not mono- 

shromatic. Magnetic electron lenses show three additional errors, arising from 
he rotation of the image in the focusing field. In light microscopy the correction 
»f lenses is so far advanced that the primary limitation on resolving power is the 
liffraction effect, which depends directly on the wave-length and inversely on the 

* The chief conclusions of this paper were briefly reported to the Electron Microscope Con- 


erence held in Manchester on 16 January 1946. Comments have now been added on the treat- 
nent of the problem in D. Gabor’s The Electron Microscope, which has since become available. 
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aperture; large apertures are therefore employed. Magnetic lenses, on the other | 
hand, are still in a primitive state of development and are almost entirely uncor- |) 
rected. The form which has been evolved for electron microscopy, largely |}) 
by trial and error, suffers froma high degree of spherical aberration, which depends |}f « 
on the third power of the aperture; this is the limiting factor on resolution, ||}, 
the other aberrations being at present negligible in comparison. It is therefore | 
necessary to operate magnetic lenses with such minute apertures (10 to | 
10-8 radian) that the diffraction effect, negligible at large and intermediate aper- | 
tures on account of the small wave-lengths of the electrons, becomes important | 
and a working compromise has to be reached: it has been usual to employ that 
aperture size for which the spherical and diffraction errors are equal. In order 
to keep the chromatic aberration (proportional to the aperture) smaller than these | 
errors, it is then necessary to provide a high degree of smoothing of the voltage ||f 
supply. 

The effect of variation in accelerating voltage on the resolution limit is complex. 
The diffraction error depends onthe equivalent wave-length of the electron beam, 
and hence inversely on the root of the voltage; it is therefore prima facie advan- | 
tageous to operate at high voltage. As regards spherical aberration, previous | 
discussion (on lines already summarized (Cosslett, 1945)) has led to the conclusion | 
that it can be continuously decreased by raising the accelerating voltage and by 
reducing the lens dimensions. The former conclusion rested on the application | 
to strong lenses of an approximate relation for the aberration of weak lenses | 
(Scherzer, 1933), where the spherical coefficient depends inversely on the voltage. 
A reduction in dimensions appears to be advantageous because the degree of 
spherical aberration (at given voltage and lens field strength) depends on the 
product of the focal length of the lens and this coefficient, which is dimensionless 
and characteristic of the shape of the field distribution. The focal length falls 
in proportion to the lens dimensions, having a minimum value in a given lens }}) 
equal to the half width (a) of the distribution curve at half the maximum field 
strength (Hy). For the purpose of evaluating the theoretical resolving power 
of an electron microscope, the value of the product (coefficient x focal length = C,) 
has sometimes been taken as unity, but more usually a minimum value fora given 
field has been calculated or estimated, under the assumption that optimum 
resolution occurred at minimum C,, and that this minimum value could be attained 
in practice. 

_ It seemed desirable, from such a treatment of the problem, to employ the 
maximum practicable voltage in electron microscopy, in order to achieve reduction 
in both diffraction and spherical errors. However, attempts toimprove resolution 
by operating magnetic microscopes at very high voltages (200-300kv.) did not 
yield the expected result, either in the U.S.A. or inGermany. There has been 
some discussion (Ardenne, 1942; Dosse, 1942) on the reasons for this failure, 
but with no agreed conclusion. Gabor (1945) has also given attention tothe prob- 
lem, but underestimates the effect of voltage variation, owing to his use of the 
weak lens approximation for the dependence of focal length on voltage, and 
overestimates the effect of varying the lens dimensions, owing to a misinterpreta- 
tion of Ramberg’s results. The present investigation shows the determining 
factors to be the variation of the spherical aberration coefficient with voltage, 
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and the saturation limit to the field strength set by the properties of the iron in the 
poles of the lenses. 

An electron lens differs from its optical counterpart in being a “‘ dynamical ”’ 
lens, its power being continuously variable by changes in accelerating voltage V 
and field strength H, as well as in its dimensions. Itsaberrations are complicated 
functions of V, H and their derivatives with respect to axial distance, as well as 
of the aperture. In a lens of given dimensions and, therefore, of given field 
distribution, both the aberration coefficient and the effective focal length will 
depend upon its power, which is represented by an expression of the form 
cd°H,?/V, where c is a constant and d is a characteristic dimension, which may be 
the diameter D of the pole pieces or the field-width parameter, a. In practice 
it is desirable to operate with the maximum possible value of the field strength 
at the centre of the lens (Hy), as determined by the saturation properties of the 
iron circuit, in order to employ maximum voltage at a given lens power and thus 
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minimize the diffraction error. Primary importance, therefore, attaches to the 
_ variation of the characteristics of a lens with voltage, at constant Hp. 

Sufficient data are now available on the theoretical behaviour of lens aberra- 
tions with lens power (Glaser, 1941; Ramberg, 1942) to permit calculations 
of lens performance which take into account all the variables. It proves to be the 
case that the spherical aberration coefficient (C,/f) falls with increasing lens power 
(figure 1), but at constant H, it must therefore increase with accelerating voltage, 
since power < 1/V. This increase is so rapid as to offset the parallel reduction 
in the diffraction error with voltage. ‘The total aberration (assuming the chromatic 
error to be negligible) thus exhibits a flat minimum in relation to voltage (figure 2), 
for a given value of H,, and this minimum does not occur at the minimum of either 
the focal length or the spherical aberration coefficient of the lens, as assumed 
by Dosse, Ardenne and others. If the magnetic field is increased, the minimum 

_aberration occurs always at the same numerical value of the lens power ; its absolute 
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value decreases if the voltage is correspondingly raised, maintaining the power | 
of the lens constant at this optimum value. On the other hand, it now appears. | 


that reduction in lens dimensions offsets the favourable effect of voltage increase. |) 
Once the saturation field strength has been reached, reduction in dimensions || 


demands a lower voltage for optimum resolution, a conclusion arrived at experi- | 
mentally by Dosse (1941). Conversely, attempts to raise the working voltage | 
with lenses of fixed dimensions and limited field strength can only result in 
a deterioration in resolution. 

Once the saturation field strength has been reached, it is now shown that | 
further improvement in resolution can only be attained by increasing simul-. | 
taneously both the working voltage and the lens dimensions. The resolution | 
improves in inverse proportion to the fourth root of the voltage if the dimensions. | 
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Focal length, and minimum error (6) =6;=46p), as functions of accelerating voltage 
at fixed Hy) and D. (H,=10,000 oersteds ; D=4a=5 mm.). 
Field distribution, Hz=H,/(1+3?/a?): - —----- 
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are increased in proportion to the root of the voltage. On this basis it is possible |] 


to design a magnetic electron microscope having a theoretical resolving power 
of a few Angstrém units only, together with the high penetrating power required 
for the examination of many specimens, particularly of a biological nature. 

The variation of chromatic aberration with lens power and voltage is also 
discussed. It shows a flat minimum value for a lens with fixed aperture size. 
If the aperture is varied to its optimum value for each lens power, as required 
by consideration of the spherical and diffraction errors, a very flat minimum 
appears, but at a power corresponding to a higher voltage at fixed field strength. 


§2. SPHERICAL ABERRATION AND DIFFRACTION 


The confusion in an electron microscope image is due primarily to diffraction 
and spherical aberration. he former effect depends inversely onthe value of the 
aperture («) and the latter directly on its third power. If 54 and 6, are the diameters 
of the respective discs of confusion, referred back to the object plane, then 


8g = KA/a asd RE) 
and Og Cs svar (6) 
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where Ais the wave-length of the “ illuminating ” electron beam and C, isa spherical 
aberration coefficient characteristic of a given lens. K is a numerical constant 
dependent on the assumptions made as to when two diffraction discs become 
resolvable by the eye; we shall assume for the time being that it is unity, and 
discuss later the results of a more exact wave mechanical treatment (Glaser, 1943). 
Since the two errors vary in opposite senses with aperture, there is an optimum 
value of aperture giving minimum aberration. It is usual to assume that this 
occurs when the two errors are equal (Rebsch, 1938), so that 


df= 80) V CA and .a,=VANGC. 9. wsasas (2) 


if K=1. We prefer to use 5, here, for the optimum aberration at given A, and to 
reserve dmin, to designate its minimum value as A is varied by changing the 
accelerating voltage, V, in a given lens. 

From de Broglie’s relation, and neglecting relativistic corrections, we have 
he V150/V a., and, therefore, with C, also in Angstrom units, 


§)=150?. YC.V4 and «=1508:/4/CVi.  ...... (3) 
If C, were independent of voltage, then we should have 
Opa and) sa4.00 Vat: 


In fact, the value of C, varies with voltage in a manner dependent on the form of the 
magnetic field and the position of the object in the lens. In a microscope objective 
the object is deeply immersed in the field, and for high magnification should be 
very close to the focal point. This discussion assumes the object to occupy such 
a position, varying with change in the power of the lens. 

The variation of spherical aberration with lens power has been calculated 
by both Ramberg and Glaser for field distributions which approximate closely 
to those found in lenses of present design. The important quantity is C,/f, 
which is dimensionless and characteristic of a particular form of field distribution, 
being invariant with respect io changes in lens dimensions providing that all are 
changed to scale. Glaser has calculated C,/f for the field distribution 


ee 
H.=H,/(1 + 5), where H, is the axial field strength at the point z, Hp is the 


maximum value of the field at the axis, and a is a lens parameter related to the half- 
width of the field distribution curve at H)/2, and in this particular case equal to it. 
A rigorous solution of the electron path equation is possible with this field 
distribution, and an exact calculation of aberrations can be made. The power 
of the lens depends on the integral of Hj taken along the axis from object toimage, 
and, therefore, Glaser specifies the power of a lens in terms of a parameter 
pe ea Hy” . 
SmV 
figure 1 for the conditions of high magnification specified above. 

Ramberg investigated the very similar distribution H,=H) sech?az by a 
ray-tracing and numerical integration method. He found the aberration in terms 
of aconstant C( = C,/f) and specified the lens power by the quotient D?H,/2-63°V, 
where D is the minimum diameter of the pole pieces of the lens. Confusion has 
arisen in comparing his results with those of Glaser, which appear to give much 


His results for C,/f and the relative focal length f/4a are given in 
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smaller values of the aberration coefficients. However, direct comparison 1s only 
legitimate if the two calculations are referred to lenses of the same dimensions | 


and focal length. To this end we here assume D=4a=5 mm., and transform | 


Ramberg’s results into the set of parameters employed by Glaser; the results 
are plotted in figures 1 and 2. The two focal-Jength curves fit very well at a mini- 
mum. value of f/a=1, and the aberration curves also coincide satsfactorily ; 
the degree of divergence is not more than might be expected from the difference 
in the field distributions operated upon in the two cases. As regards lens power, 
we find that the above assumption (D=4a) leads to a simple relation between 
Ramberg’s and Glaser’s parameters: D?H)?/2-63°V = 100 k?, to a close approxima- 
tion. 

Both the aberration coefficient and the focal length curves fall with increasing 
lens power (k2); that is, with increase of field strength, decrease of voltage or 
a degree of both together. The limiting factor in lens operation is the saturation 


Figure 3. 
Optimum aperture a9(for 6s =6g) as a function of voltage, V. Spherical aberration 3, 
and diffraction error 5g as functions of V at fixed aperture (a=7 . 107%). 
(For Hz=H)/(1+-2?/a?) ; H)>=10,000 oersteds ; a=1:25 mm.) 


of the pole pieces, and, since diffraction and other considerations make it desirable 
to use the highest possible voltage, it is usually necessary to work with field 
strengths close to saturation, in order to keep the lens power high and f and C,/f 
small. We assume the saturation field to be 10,000 oersteds, and from this value 
of Hy) and the assumed value of a (or D), the value of the voltage corresponding 
to any value of k? can be calculated. Figure 1 allows C, to be evaluated, and hence 
the value of 5) to be found for each voltage. Figure 2 shows the results thus cal- 
culated for both Glaser’s and Ramberg’s field distribution. That is, it gives the 
optimum aberration that can be obtained with a lens having the assumed 
dimensions (D) and saturation field (Hj). The two sets of results agree very well, 
showing a minimum aberration (8,in.) of 7 A. at an accelerating voltage of 60kv.; 
but the minimum is flat and the aberration does not exceed 10 a. over a wide range 
of voltage. The corresponding focal length given by the data of figure 1 is also 
shown, indicating that the minimum value occurs at the comparatively low 
voltage of 11-4kv.; the optimum f, corresponding to Sin, is 2 mm. It is clear 
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that minimum aberration does not coincide with minimum focal length nor 
with minimum Cs, as has sometimes been assumed. The same data yield the 
optimum value of the aperture for each voltage, from equation (3). The curve 
(figure 3) shows a regular rise from about 3-5 to 14-5 x 10-8 with decreasing voltage, 
having a value of 7 x 10-3 at the voltage giving minimum aberration. 

The results show, from the good agreement obtained from calculation on two 
different approximations to the actual field distribution, that a spherical aberration 
and diffraction error better than 10 a. is attainable by lenses of the present type, 
the values of D and H, taken being much the same as realized in practice. The 
combination of these errors with the chromatic aberration to give the total 
aberration is discussed later, but it may be remarked here that the optimum voltage 
and aperture found are very close, by accident or design, to those employed 
in present-day microscopes. The minimum aberration (8,in,) will always occur 
for the same value of k?, as a (or D) and V are varied at constant Ho, but its absolute 
value will decrease as the voltage is raised. Since V « a at constant k? and Hg, 
it follows that the limiting value of d3yin, can only be reduced below 7 a. by 
increasing both the voltage and the dimensions of the lens. Further consequences 
of this interrelation are reserved for § 5. 


§3. CHROMATIC ABERRATION 


The diameter 6, of the disc of confusion (referred to the object plane), due 

to chromatic aberration alone, is 
5 AV 
ee 
where AV /V is the fractional fluctuation in voltage and C;, is a coefficient depending 
on the field distribution and focal length of the lens. ‘The voltage fluctuation 
is comprised of the residual ripple, y. V, in the high-tension supply to the cathode, 
together with the thermionic variation in the energy of emission of electrons, 

x volts. So that 
AV Vi (ee Ve) Vax Vy ee as (5) 


Variation in the focusing field (AH) may be included in the factor «, for present 
purposes. 

In a given lens, with constant focusing field H, the chromatic aberration 
varies with voltage owing to the change of all three variables, «, C, and AV/V. 
The effect of fluctuations will depend on the relative values of x and y, but only 
with very high smoothing efficiency (order of 2.10-*) does the thermionic fluc- 
tuation become important, and then only at low voltages... Fora given pole-form, 
and hence field distribution, the non-dimensional ratio C,/f varies only slowly 
with lens power, and hence voltage. But the focal length depends on the voltage, 
at fixed H, and, therefore, the coefficient C, increases with voltage in the usual 
range of operation of present lenses, the variation is approximately given by 


Goel Pircane Wha seal» site Reees (6) 


The aperture « may be kept constant at a value designed for best average 
performance over a range of voltages, or it may be varied with the voltage, in which 
case it will affect the value of the chromatic aberration. Considering first the 
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aperture as fixed, substitution of equations (5) and (6) in equation (4) and | 
differentiating shows that 5, will have a minimum value when V=x/y. Taking 
Glaser’s values for C,./f for the field distribution H =H, (1 + 2/q@?) and the lens 
conditions previously assumed (H,=10,000, a=5/4 mm.), we can calculate | 
the variation of 8, with voltage at a fixed value of the aperture (figure 4). The | 
aperture chosen was the value (7 x 10~*), corresponding to minimum spherical | 
and diffraction error (Smin,) in such a lens. The curve shows a pronounced | 
minimum of about 4a., but lies below 10a. over a very wide range of voitage | 
(6-180kv.). It rises sharply at lower voltages, where the thermionic fluctuation x | 
becomes relatively important. In these calculations the value of the latter was i 
taken as 1 v. and the ripple (y) as 1/40,000. The minimum value of 6, is then | 
predicted as occurring at «/y=40kv.; the fact that it occurs at about 33 kv. 
indicates the extent to which equation (6) is approximate. 
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Chromatic aberration 3, as function of voltage, at fixed aperture (a=7 . 10-%) 
i s 
and for variable aperture (a ). Lens conditions as in figure 3. 


In the second place we assume « to be adjusted at each voltage to the value (a), | 
giving equality of spherical and diffraction errors, according to figure 3. The i] 
latter shows that «) o« V~* very closely. Inserting this relation, and equation (6) | 
in equation (4), we have for the chromatic error 


S.=k. AV|V =h(x/V +y) 


from equation (5). Hence 6, is determined in these circumstances solely by the | 
relative values of the thermionic and ripple fluctuations, and should fall to a | 
constant value dependent on y at high voltages, for which x/V is negligible. The | 
curve calculated from Glaser’s values of C, for this case is given also in figure 4. | 
It has the expected form, the indication of a very flat minimum at high voltage || 
showing that the simplified relations assumed are only first approximations | 
At 57:3kv. the two curves for 6, intersect, this being the voltage for which the 

value of the aperture assumed for the first curve is equal to » as defined. Atlower | 
voltages the equality of 5, and 5a requires a rapid rise in « and, therefore, in 8,. | 
so that the second curve lies above the first. At higher voltages, on the Re bani | 
the value of a» falls below 7 x 10-? and the chromatic error is lower for the secnid 
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case considered. In both cases 8, is lower than 8, and 8q over the range of voltage 
from 20 to 150 kv. 


$4. TOTAL ABERRATION 


The values of 6,, 54 and 8, obtained above have to be combined in order to 
obtain the total aberration observed. It is difficult to form a physical picture 
of their mutual effect; they are certainly not independent, and, therefore, simple 
addition is not justified. Both spherical and chromatic aberration will have the 
effect of producing a number of overlapping diffraction maxima in the image 
plane. It has been usual to assume, following Ardenne (1938), that they should 
be superimposed as error functions, and the geometrical mean taken as the total 
aberration. Such a procedure probably errs on the side of pessimism, but may be 
provisionally adopted so long as observed aberrations are so much larger than those 
predicted. We thus have for the total aberration 8; in the object plane, 


Ot = V 862 =F Oa 35 Oe = V 25,2 a Oi ad aan (7) 


when optimum aperture is employed. 
The application of this synthesis to the results given above for the individual 
aberrations yields the curves of figure 5 for the variation in 6; with voltage both 
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Total aberration dy as function of voltage, at fixed aperture (a=7 . 107°), 
and for variable aperture (a)). Lens conditions as for figures 3 and 4. 


for a fixed aperture and for variable optimum aperture %. For the latter condition 
the total aberration initially falls rapidly with voltage, but then lies between 11 
and 13. over the range 20 to 170 kv., with a flat minimum at about 50kv. For 
a fixed aperture the minimum aberration naturally occurs near the voltage 
(57-3kv.) for which « was fixed, as giving minimum 69; the increase in 6; with 
higher voltage moves the minimum back to about 48kv. For the same reason 
the total aberration curve for fixed aperture rapidly rises above that for optimum 
aperture at high voltages, where «>, and, therefore, spherical aberration is large. 

The above procedure has assumed that the combination of spherical and 
diffraction errors has a minimum when the two are equal. It was on this assump- 
tion that equation (2) was derived and equation (3) employed to find the combined 
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aberration when the aperture is %», as defined in terms of this equality; so that, | 
neglecting 8,, we have §,=V 25) =1-41 C8. But this is only a convenient || 
working rule, having no theoretical basis, and the same is true of the importation | 
of the diffraction expression directly from optics. | 

Gabor (1945, chapter 7) assumes that the minimum resolution occurs at the 
true minimum value of the sum of the squares of 8g and 8,, found by inserting their | 
analytical relations (equations (1 a) and (14), above) and differentiating. Minimum | 
resolution is then found when 54= V3 .8,, whence 8y = 1-33 / CX. But he also 
assumes a more favourable value for the diffraction error, justifiable on physio- | 
logical grounds of density discrimination in the eye: 54=0-82A/a, in place of | 
relation 1a. His working expressions therefore become, with C, in cm., | 


8 =114V CN =750V/CV4 and w=VAV/3.C, 
not sensibly different from the values used in the above calculations (neglecting 6,) : | 
§,=1-41Y%E6%=925V7CV4 and «=VAC,. | 


Gabor, however, proceeds to make the weak-lens assumption that fis proportional | 
to accelerating voltage and to neglect the variation of C,/f with voltage. He thus 
finds Spin, « V-* in a given lens, showing a very slow fall with voltage, in place 
of the increase at high voltages demonstrated here (figures 2 and 5). 

Glaser (1943) has recently given a rigorous wave mechanical treatment of the | 
problem, in which diffraction and spherical aberration are treated together as | 
one phenomenon, arising from the focusing of a portion only of a non-spherical 
wave-front. He obtains an expression for 5) similar in form to equation (2), 
but with a numerical factor 


$)=056V C8, 1) 2 pee (8) 


In terms of the above approach, this result may be interpreted in the (extreme) 
senses that either the diffraction or the spherical error is smaller than assumed. 
If the former, we may write 6 =0-42A/« in place of equation (1a), leaving the 
spherical aberration equation (1b) unaltered. Assuming minimum error to occur 
when the two are equal, we arrive at Glaser’s equation (8); the practical effect 
would be that an aperture of 0-8 «) would give a value of 5) smaller by 0-56 than that 
calculated from equation (3). On the other hand, we may write 6,=1/16. C,a3, 
and assume that the diffraction equation remains exactly as equation (1 a), in order 
to obtain equation (8). In this case the practical conclusion is that an aperture 
of 2%, will give the predicted smaller value of 59. If, as is probable, neither of these 
limiting cases is valid, we shall have numerical factors in equations (1 a) and (15) 
larger than 0-42 and 1/16 respectively, giving a working aperture rather larger 
than a for a combined error 5) smaller by the factor 0-56.. 

Glaser himself gives a value for the optimum aperture, %)=1-13-/ AICS, 
which yields a diffraction error only 5° smaller than the combined error 
(equation (8)). ‘This is on his own assumption that the optical diffraction expression 
applies, da=0-6A/x; any other less favourable diffraction expression, such as 
Gabor’s, or equation (1a) of this paper, would lead to a diffraction error greater 
than Glaser’s “total” aberration. Since the spherical aberration must play 
an appreciable part in determining the total confusion in the electron microscope 
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image, Glaser’s conclusions must be regarded as of doubtful application. Their 
derivation is in any case insecurely based, owing to a lack of accurate information 
as to the details of the scattering of electrons in the object. 

The effect of Glaser’s result would be that the theoretical minimum values 
of the total aberration as here calculated and shown in figure 5 are reduced 
approximately by one-half. Or alternatively, the same calculated aberration would 
be obtained with the use of a larger aperture. Since it is not clear exactly how 
Glaser’s result is to be interpreted in its effect on the value of the optimum working 
aperture, and since other aberrations (including the varying rotation of the image 
due to voltage fluctuations) have not been taken into account, it has been felt 
advisable to adhere to the classical method of treatment. The synthesis of aberra- 
tions obtained must therefore not be regarded as anything more than an approxi- 
mate result, erring probably on the high side. 


§5. DISCUSSION 


The results of the present calculations show that there are definite optimum 
conditions of operation for a given magnetic electron lens. Its dimensions and 
maximum attainable field strength being fixed, there are particular values of the 
aperture and operating voltage, and hence of the focal length, which will give 
minimum total aberration. For present electron microscopes the conditions have 
been rather fortuitously fulfilled, owing to the flat minimum in the curve of total 
aberration against voltage even for a fixed value of the aperture. The conditions 
of operation are therefore not at all critical so long as the working resolution 
is of the order of 50 to 100 4., much greater than the theoretical limit, on account 
of limitations in materials and workmanship. But now that research microscopes 
are becoming capable of resolutions of 20 to 25a. (Hillier and Baker, 1945), 
attention to such optimum considerations is more and more essential. The lens 
data assumed in the above aberration calculations are typical of lenses now in use. 
Figure 5 shows that their best theoretical performance is 10-11 a. for the total 
aberration for an aperture of 7 x 10-° and at a voltage of 50kv. Practical results 
are therefore already no more than double those given by theory.* 

Attempts have been made in the past to improve the resolving power by 
operating at very high voltage, up to 300kv., relying upon a supposed reciprocal 
relation between voltage and aberration. It is now clear that failure was due to the 
saturation limit to the focusing field strength, as it was not appreciated that 
aberrations increase rapidly if the field is not increased in proportion to the root 
of the voltage—that is, if the power of the lens is not kept constant ; this is shown 
by figure 5. Assuming that the lens is of fixed dimensions, including aperture, 
and operating at maximum H, the total aberration rises rapidly with voltage 
above a value of about 60kv. At 172kv. it is already 67 ., the effective power 
of the lens having fallen to 0-2 from the optimum value of 0-6. 

Since, for a given lens, there is an optimum value of the power (A?) which 
gives minimum 4, and optimum «, it follows from the definition of R? that as the 
working voltage is varied the magnetic field should be varied according to V3, 
in order to keep the power constant at this value. From equation (3) it then follows 


* Note added in proof: Hillier (1946) has now reported the achievement in favourable circum- 
stances of a resolution of 10. 
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that the value of Syin, ¢ H-*. The value of 5, also falls with increasing field strength | 
and voltage, at optimum focal length, to a degree which depends on whether « 
is constant or always made equal to the optimum value corresponding to 6a=4s. || 
The table shows the variation in the several aberrations with field strength for the 
optimum conditions found above: k2=0-6, f=2-1 mm., when a= 1:25 mm. ~ D/A. 
As in figure 4, 5, becomes preponderant at low fields for « = «9, owing to the rapid | 
increase in the latter, whereas for fixed aperture its value is less, whilstdyincreases, |} 
owing to the increase in wave-length of the beam not being offset by an increase | 
in aperture; 6, 1s constant in this latter case. It will be seen that the net result |) 
gives very much the same total aberration for both fixed and variable aperture at all | 
except very low field strengths. It should be mentioned that this discussion | 
assumes constant high magnification, the focal length being constant throughout 
at its optimum value. 


Table 


Variation in individual and total aberrations with field strength Hy (and) 
corresponding acceleration voltage V) for a lens operated at optimum) 
power '(k,7=0-6).. f,=2-:1 mm.; a=1-25 mm) A/a 
y= VBE oto EH V8, 8 


At fixed aperture, a=7°107° 


Hy Ve Omin. a9 Os Ot mummers ac 
(oers.) (kv.) (A.) (rad.) (A.) (A.) 5, Oa t) O4 
(a) @) ©@) @) 
1,000 0:57 40:3 12:7 x 10-* 334 339) 185 72°5 HPA WES, 
2,000 2:29 23-9 10-7 73°14 80:5 48:7 36:3 TP? 61-0 
4,000 9-17 14-2 9-0 17-9209 14d ts Uo? 230 
6,000 20-6 10°5 8-1 SOMES mm Dio Uh 15-8 
8,000 36-7 8:5 7:6 Do 13°3 De 8-1 TEDL 1 e7) 
10,000 573 he) died. 4:5 11-4 4-7 UD Ue 10°8 
12,000 82:5 6:2 6°8 3°8 9-6 4:0 6-0 72 10-0 
15,000 129 Die 6°5 3-1 8-1 S305) 4:8 UD Oy 


The necessary conditions for design and operation of high-voltage lenses | 
of high resolution follow from the above discussion, and are further considered jj} 
in a subsequent paper. The expression for the lens power, k?=ea?H,2/8mV, 
shows that the power and focal length can be kept constant at their optimum values, | 
as the voltage is raised, by increasing aand Hy. Once the saturation field strength 
is reached, the remaining variable is a, the field width parameter. Hence, to} 
ensure optimum resolution at high voltages, it is essential to increase the dimen- 
sions of the lenses, and not to decrease them, as has been the tendency empirically | 
followed hitherto. i} 

Gabor (1945, chapter 12) has noted, from the results of Ramberg, the fall 
in C;/f with increase in lens dimensions at constant Hy (cf. figure 1). He fails. 
to observe, however, that it is f/D, and not f, which falls also with increasing lens| 
power. If such an increase is brought about by changing the lens dimensions. 
alone, at fixed field and voltage, it proves that f itself remains almost constant, } 
the fall in f/D being roughly proportional to the increase in D, the lens diameter. 
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Hence only a small improvement in resolution results in such a case, due to the 
reduction in C,. On the other hand, the above discussion has shown that better 
resolution is obtained if the lens power (and hence f/D) is kept constant by 
increasing both V and the lens dimensions. C,/f also remains constant, whilst f 
increases. ‘The increase in ms Oe however, is more than offset by the effect of 
increasing the voltage, since V8 enters into the expression for 8) (equation (3)). 
It proves, in fact, that in these circumstances 5, % V~?. 

If the maximum value of H, is 10,000 oersteds in the lens discussed earlier, 
then its dimensions will need to be increased some 2-4 times for operation at 
300 kv. instead of at 57-3 kv., since at constant k? and H, we have ax V+. Hence 
the pole diameter will need to be about 2-4 x 5=12mm., and the optimum focal 
length will be approximately 5 mm. For the same magnification the microscope 
will need to be increased in length by the same factor, since the object distance is 
effectively the same as the focal length. Such an inconvenient increase in size can 
be avoided either by working at a lower electronic magnification, and employing 
subsequent photographic enlargement from fine-grain plates, or by resorting to 
multi-stage operation, with several lenses each giving small magnification. ‘The 
latter solution appears to be most satisfactory if high voltage operation is required 
primarily for the higher resolution it makes possible, and not simply for the 
greater penetrating power of the beam, allowing thicker specimens to be observed 
at rather rough resolution. 
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ABSTRACT. The frequencies of about 150 diatomic molecules are expressed as functions | 
of the equilibrium distance and of the numbers of electrons in the outer shells of both atoms. | 
The frequencies are calculated tor homopolar molecules with single bonds, with multiple | 
bonds and for molecules with strong polarity. ‘The contributions of s- and p-electrons to | 
the force constant are practically equal, and the same parameters are valid for all periods | 
of the periodic system. The theoretical implications are discussed. 


§1. INTRODUCTION 


principles. Exact solutions have been calculated for those molecules | 

which are composed of the lightest atoms. For molecules, however, which 
contain atoms with many electrons, the mathematical difficulties have not yet been 
overcome. It is therefore of importance and of interest to find empirical rules | 
which correlate properties like frequencies, force constants, dissociation energies 
and interatomic distances. ‘The following discussion is particularly concerned 
with the vibration frequencies of diatomic molecules in the ground state. 

Various regularities have already been suggested. Kratzer (1920) found for | 

the halogen hydrides the relation 


Te properties of molecules can be derived in quantum theory from first | 


w*J =const., osamesiGly 


where w is the wave number and J the moment of inertia. Birge (1925) and |} 
Mecke (1925) proposed for other molecules a relation 


wi=const. — ~~ eee (2) 
Morse (1929) showed that the frequencies of various molecules are related by 
wr 3 =const., | oes (3) 


where 7, is the equilibrium distance. 
Badger (1934) gave a formula for the force constants 


R(r, —d,)® = 1-86 . 10° dyne/cm. oaaeenl 4) 


The values d;; vary according to the period in the natural system of elements to 
which the atoms of the molecule belong, from d,; = 0-025 for H, to d= 1-635 for I,. | 
‘The force constant k is related to the frequency of the molecular vibration w by 

the formula 


k= 47?uc?w? N+ = 5-889 . 10-24? dyne/cm., BP rs FS) 


where pz is the reduced mass of the molecule in units of atomic weight and N the 
Avogadro number. 


New regularities in vibrational spectra 457 


Allen and Longair (1935) consider 
Bye =COUSt. eee Jo Peale in Ae, (6) 


as an adequate formula. Here again the constant varies according to the period 
to which both atoms belong. 
Fox and Martin (1939) find that in some organic molecules 


RT CONSE Vi ey, ae buew Fee ese (7) 


gives better results. 

The formulae (4), (6) and (7) are certainly superior to (2) and (3), since if one 
compares molecules in which one atom is replaced by an isotope, the equilibrium 
distance is not altered and also the force constant remains unchanged, but the 
vibration frequency must be different owing to the different mass of the oscillator 
(cf. Herzfeld (1933), and Allen and Longair (1935)). 

There remains, however, the difference of the forms (4) and (6), which is of 
theoretical importance. 


§2, THE CHARGE DEPENDENCE 


A further complication arises because the force constant may depend not only 
upon the atomic distance and upon the period, i.e. quantum number, but also 
upon the number of electrons or valency electrons of both atoms. Clark and 
co-workers (1941 et seg.) investigated in a series of papers whether the molecular 
vibration frequency is a function of the sum 7 of electrons of both atoms which do 
not belong to closed shells and came to the conclusion that 


RP 7 Const ee eats (8) 


and 
Rr vi== CGNSt: ee oe) ene (9) 


describe equally well the empirical material. Again the constants in (8) and (9) 
vary with the periods to which both atoms belong, e.g. in (8) from 0-107 to 9-90. 
Linnett discusses another kind of charge dependence of the repulsive force in 


molecules, namely, the form 
2/3 
(te eS heey eee eo (10) 


B18 


where z, and z, are the numbers of electrons in the outer shells of the two atoms. 

It is plausible to suppose that the interaction of the two atoms depends to a first 
approximation upon the outermost electrons only, but it seems strange that the 
force constant should diminish with increasing number of electrons, as is implied 
by formulae (8) and (9), and also by (10), if, for example, 2; = 2. 

One would rather expect that the interaction, and therefore the force constant, 
would increase with the number of electrons involved. 

If the force constant depends upon distance, and alsoupon number of electrons, 
it is obvious that one has to try to separate the two effects, either by comparing 
molecules with similar atomic distances or by comparing molecules whose atoms 
have the same number of outer electrons. ‘The first method would give at once an 
indication of the form of the charge dependence. Incidentally, there are a few 
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molecules in which the distance between the two atoms is nearly the same, e.g- \) 
Molecule 7 (A.) k (dyne/cm.) z, and 2, 
ka 2:6723 2-546. 104 i kl) a 
—~ =6:75 
IS 2-667 1-718. 10° 7 k (Lig) 


Lithium belongs to the first group of the periodic system, and iodine to the © 
seventh. Therefore, one would expect that the ratio of the force constants should |} 
be a simple function of the ratio of the numbers of the outer electrons, in this | 


case 7. 
Other examples are provided by the pairs : 
Molecule 7 (A.) k (dyne/cm.) 2 P45 
KH 2-2244 5:5 55n 0: 1 1 k(BaH) ror 
BaH 2232 8-034 . 104 2 L> pes) 
CaH 2-002 9697-105 2 1 ofkh( CaP) 2.70 
CaF 2-018 2-618. 10° 2 2. ECA 
BeH 1-343 27240. 108 Z 1 k(BeF) _2.56 
BeF 153636 57759 2 Z Te RUBEH lee 


Assuming that the equilibrium distances of the fluorides of stronttum and of 
barium are also nearly equal to that of their hydrides, one can compare their 


force constants : 


Molecule r (A.) k (dyne/cm.) on Zo 
SrH 2-145 ~ 8-474 .104 2 Ll 2G) 
SrF 2-302. 105 2 7 <R (Sey ae 
BaH 2-232 8-168. 104 2 1 _ kal) oe 
BaF 2-166 . 105 2 7 “R(Barly eo 


These values for the ratio of the force constants are similar to those of the previous 
analogous compounds of the second group, independent of the period in the natural 
system. This regularity is interesting in itself. But it becomes even more 
significant if this ratio is considered as a function of the numbers of electrons. 
In all cases mentioned above the force constant can be described by assuming that 
it depends upon the number of the outermost electrons according to the formula 


hin. 3). (11) 


In fact, it gives for the four cases of fluorides and hydrides of the alkaline-earth 
metals a theoretical ratio of 1/7 =2-645 compared with an empirical average of | 
2:66. The ratio of the sums z,+ 2, of the outermost electrons would be 3. In | 
the case of BaH against KH formula (11) gives a value 1/2 =1-4141 compared with | 
1-446 empirically, and for I, against Li, «1/49 =7 compared with 6-75 empirically. | 
In all cases the experimental deviation is only afew percent. Further evidence 
for this formula will be found later on. ai 
The relation (11) is rather surprising if compared with the Coulomb law. | 
The possibility of a wave-mechanical foundation will be discussed later. 
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The dependence of the force constant upon the distance can now be determined. 
For this purpose those molecules will first be compared which have an analogous 
constitution, i.e. which consist of atoms of similar valency so that the number of 
outer electrons in corresponding atoms remains constant. The simplest cases 
are provided by the molecules of hydrogen and the alkali metals. Using the 
method of least squares for the series H,, Liy, Nay and K,, whose distances have 
been measured with spectroscopic exactitude, one gets 


k=2-738 . 105r,-246 dyne/cm, (if r is in A.), Pe (1) 


or, since the observed quantities are the frequency and the distance, the formula 
for the wave number is 


w = 2-156. 103.47, cm—! (r in A.), Re a6) 


where is the reduced mass in units of atomic weight. 
Combined with formula (11) this gives 


Ga 7 S01 Oe ( ein 85) thai oe CM (fe inlA) Soles Cle 


as a general formula. ‘Table 1a gives the values calculated according to (14) 
together with the distances and the observed frequencies. Those molecules are 
considered first whose intermolecular distance has been determined by the 
analysis of rotation spectra, since they represent the best measurements. Then 
molecules are taken whose interatomic distances have been measured by electron 
diffraction. ‘The frequencies have been taken from G. Herzberg (1939), who 
gives a complete list of spectra measured up to 1939. Thomson and Cochrane 
(1939), and Maxwell (1940), give surveys of electron-diffraction measurements. 
In table 1 a, measurements of interatomic distances in polyatomic molecules have 
also been used on the assumption that the distance in diatomic molecules is not 
larger than the smallest separation of the two atoms found in polyatomic molecules 
with bonds of equal valency. In some cases more recent measurements by 
Lister and Sutton (1941) have been used. Furthermore, some molecules are 
inserted whose distances have been calculated by Pauling’s radii (1940), which are 
based on x-ray crystal analysis and the additivity of covalent radii. Finally, 
some cases have been taken into consideration where use has been made of the fact 
that in the periodic system the radii of neighbouring atoms have in general similar 
values. 

As can be seen from table 1a, not only the alkali metals and the halogens 
satisfy formula (14), but also many other group combinations, e.g. the hydrides 
of elements of groups not considered above, from boron to fluorine. Particularly 
interesting is the long series of molecules of atoms with 4 and 7 electrons. Again 
the power law (13) is fulfilled. Moreover, the absolute values of the frequencies 
confirm the charge dependence of (11) even if these molecules are not compared 
with molecules with similar equilibrium distance. ‘The transition to other groups 
shows also that the influence of the charge is given correctly by (11). The con- 
tributions of s- and p-electrons to the force constant are practically equal. 

It is remarkable that a simple formula like (14) comprises so many cases 
(64 in table 1a), though it contains only two constants. Moreover, since the 
hydrogen molecule whose properties can be calculated theoretically by wave 
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mechanics, is also included, there is really only one constant, the power of the | 
distance, which has to be determined. 


Table 1a. Molecules with single bonds : w =2-156. 103 (z,. 2,)*u-#7, 3 (cm.~). | 


Le (A;) Wobs. Wealc. Error 212 
H, 0:7414 s 4405-3 4405:3. istandard) 1x1 
La, 2:6723 s 361:3 344-1 21% 1x1 
Na, 3-079 s 159-2 159-4 0-1 1x1 
Ky 3-923 s 92-64 90:9 1:9 1x1 
Gis 1:989 5s 564-9 585-3 3-6 bi 
Br, 2-284 5s 323-2 326-6 1-0 Ti 
‘ 2-667 5s 214-4 214-2 0-1 Ise7 
HF 09166 s 4141-3 4005 3:3 1x7 
HO 0:9710 s 3728 3606 33 1x6 
HN 1:038 s (3300) 3180 3-6 1x5 
HC 1:1201 s 2824 2760 2:3 1x4 
HB 1:2326 s (2366) 2291 3-2 1x3 
BiCl 248 307°7 306 1:6 5x7 
BiBr 2:63 e 2093 211 0-8 5x7 
CCl 1:73. e (843-6) 845 0-2 4x7 II (CHF,Cl) 
SiF 1-603 s 856-7 849 0-9 4x7 IT 
SiCl 2:00 e 535-4 536 0-1 4x7 23 
SiBr 215 e 425-4 425 0-1 4x7 I 
GeCl 2:08 e 408-4 403 1:3 4x7 IT 
GeBr 2:29 e 296-6 290 2:2 Asc y eau 
SnCl 233— <6 352-4 353 0-2 4x7 30 
SnBr 2:44 e 247-7 250 0-9 4x7 3817 
PbCl 2:43 e 303-9 304 = 4x7 37 
PbBr <260 e 207°5 203 2-2 Adc] 335 
BCI 1-73 <e 830-0 811 2:3 3x7 
BBr 1:87 e 686°3 687 O-1 3x7 
AIC 2:06 e 481-3 485 0-8 3x7 
AIBr 2:21, e 379-2 387 21 3x7 
All 2530 6 316-1 312 1:3 3x7 
HeCl 2:23 e 293-8 285 3-0 2x7 
HgBr 2:44 186-2 185 0-6 rae | 
ZnI 2-42 e 223-4 216 33 2x7 
Cdl 2:56 e 178-5 170 4:8 27 
Hel 2:55am 125-0 126 0-8 (1x7) 
Bil 2:79 P 163-9 167 1:9 5x7 
GaCl 2-25 365-0 352 3-6 3X7 Wells 
GaBr 2:37 263-0 263 0-1 3X7 r 
Gal 2°54 216-4 219 1-2 3x7 Gai-26 
InCl 2:43 316-8 299 5-6 3x7 In 1-44 
InBr 2:55 221-0 213 36 pcr fen Pea By Ss 
InI 2:72 177+1 173 2-6 8X7 
FiGl 2-46 287°5 280 26 3x7 Cl 0-99 
TIBr 2:58 . 192-5 191 0:8 3x 7 eRe ietil 
Tir 2-75 150 150 — BX 7 oleae 
ZnF 1:59 619°5 617 0-4 2x7  +(ZnH) 
HgF 1:74 490:8 506 3-1 2x7 HgH 
BiF 1-81 510-7 513 0:5 a7 BiH 
SbF 1-82 614-0 612 0:8 5x7 TeF e 
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1 ¢(A.) Wobs. Weale. Error @) & 
SnF 1:82 585°3 584 0:2 4X7 TeF(SnO) 
PbF 2:01 507-2 508 0:2 “soe PbO rp 
NBr 1-91 693 686 1:0 <7 CBr’e 
Lik 3-30 (207) 204 Io) eal Yr 
LiRb 3-42 (185) 187 (0) eS etal 34: 
LiCs 3395)5) (167) 176 5-4 1x1 Nai-54 
Nak 3:50 123-3 121 1:9 te can 96 
NaRb 3-63 106-6 104 2:4 SD -09 
NaCs sors (97) 98 1:0 <4 Cse2-21 
Rb, . 4-18 56:78 57, 0-4 <a ar 
RbCs 4-30 49-41 49-8 0:8 I< Cl50:99 
Cs, 4-42 41-99 42°5 2) WS) Br, 1-14 
IBr 2:48 268-4 268 0:1 Ox Abs (eS 
BrCl 2:14 (430) 456 6:0 UU 
1K! OO aS 384+2 390 1108) UY) 


S = spectroscopic 
e = electron diffraction 
P = Pauling radii. 


At the end of table 1 a the radii of rubidium and caesium have been computed 
by using the known radii of the hydrides and by assuming that the difference of the 
distance in the hydrides and the radius of the alkali atom is the same as that of 
potassium. ‘The calculated frequencies compare well with the observed ones, and 
formula (14) thus appears to be applicable from H, to Csy, i.e. from the smallest 
to the largest stable diatomic molecules. 


§3. MULTIPLE BONDS 


So far, only molecules with a single bond have been considered. ‘Table 16 
gives the data for molecules with double bonds. ‘The force constant varies again 
as 7-**46, as in molecules with single bonds described in equation (12). One new 
constant comes in indicating the strength of the double bond. Formula (14) is 
replaced by 

29/6. 10 (eyes te CN | et ats (15) 


The first factor at the right-hand side is increased by a factor 1-38. Ifthe double 
bond contributed a factor 2 to the force constant, the further factor for (15) 
would be 1-414. The empirical factor 1-38 means that the double bond contri- 
butes a factor 1-905 to the force constant. 

Table 15 again gives distances, and observed and calculated wave numbers. 
First those molecules are listed whose interatomic distances have been determined 
spectroscopically. Then a series of molecules is considered whose interatomic 
distances are derived from Pauling’s radii on the assumption of the additivity of 
covalent radii. It is remarkable how good the agreement is between calculated 
and observed wave numbers in the long series of molecules with 2, =4 and 3, = 6, 
even where the distances have not been observed directly. Among these molecules 
are also those measured recently and discussed by Barrow (1944) and Jevons (1944). 

The series with molecules of the nitrogen type can also be described by the same 
formula which has been derived from molecules which possess double bonds 
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from the chemical point of view. The former are supposed to possess a triple 
bond. ‘There is, however, no appreciable change in the relation between force | 
constant and equilibrium distance. In this respect they belong to the same: | 
bond order. | 


Table 16. Molecules with multiple bonds: w = 2-976. 10? (2, Sot ore + (em. Fe 


re(A.) Wobs. Weale. Error 21 F2 
CO 1:1284 s 2168 2168 (standard) 4x6 
SiO esilO) 1242 1243 01% 4x6 
TiO 1-620 s 1008 1050 4-2 4x6 Ty 
GeO 1-65 10s 985-6 980 0-6 4x6 
SnO 1-838 s 822-4 829-9 0-9 4x6 
CS 12563 4s 1285-1 1301 iley 4x6 
PbS 2-39515s 428-1 422°5 1°3 4x6 
Nz 1:095%s 2359-6 2251 4-6 5x5 
12 1-898 s 780-4 dseic (Oey) 55 
NP 1-491 s 1337 1312 1:9 <5 
CN (holly & 2068-7 2036 1-6 4x5 
CP 1:5622s 1240 L2S37/ 0:2 4x5 
SiN e572eas 1152, 1181 225 4x5 
BO 20 5iens 1885-4 1907 ily 3x6 
NO 5 Oles 1907 1940 Ley Abe YG 
PO 1:447 s 1231 1230 0-1 Abely EMA 
NS 1:50 1220 1226 0:5 Axe ler (SO) 
AsO 1-61 960-6 964 0-3 4x5 JT (SeO) 
CSe (OWES) Ae 1036 1036 — 4x6 
SiS DON Ve 749-5 726 Sill 4X6 _rpauling 
SiSe Does Ve 580-0 569 2-0 4x6 C 0-665 
SiTe 2:34 =P 480-4 483 0-5 Ge) fork ily) 
GeS Ue Ae 575-8 576 — 46, “Ge 1-1/2 
GeSe Deg 1 406:8 406 Q-2 4x6 Sn 1-30 
GeTe 2-39 ee 323-4 829 ih 4x6 Pb 1-46 
SnSe Desa Ae 332-0 329 0:9 4x6 
SnTe MIT Ae 259-5 262 1-0 A x<Ore On 0-55 
SnS Do Ve 487-7 487 0-1 4x6 S 0:94 
PbO 2-01 ae 721°8 724 0-3 4x6 Se 1:07 
PbSe 2:53 eee 277-4 Dili 0-1 4x6 Te1-27 
PbTe DSS) |B 911°8 216 2:0 4x6 

Yr 

As» 2:19 429-4 414 S5) 5x5 (GeSe) 
Sb, 257) 272°8 270 1:0 3x5 (SnTe) 
Bi, 292 ee I BO7/ 174 OZ DSS 
AsN 1:65 1068 1049 1:8 5x5 (GeO) 
SbBi 2°73 220 221 0-6 boone bae) 


In this series the frequencies of some molecules are computed according to (15). 
on the assumption that the distance of, for example, Sb, is the same as in SeTe, . 
the sum of the radii of the preceding and of the following elements. 
All these molecules with multiple bonds obey the same power law, R~r-?"46, as 
molecules with single bonds. 


New regularities in vibrational spectra 463 


§4. POLAR MOLECULES 


There is another class of molecules ; they do not obey the r-?"46 relation. 
Most hydrides, and also the halides of the alkali and of the alkaline-earth metals, 
belong to this class. It is easy to find a simple formula for these molecules also, 
again with only two constants, of the same form as (14), i.e. of the type k= Cr’. 

Formula (14) has to be replaced by 


@= 2-005 a1 (2s ett em. (Pa Aye aac as. . (16) 


The values for the two constants have been derived by using NaH and CsH as 
standard molecules. The vibrations of KH and RbH are represented by the 
sameformula. Moreover, not only BaH butalso the other hydrides of the alkaline- 
earth metals obey formula (16) and confirm the charge dependence of formula (11) 
within the experimental error. It is worth noticing that the vibrations of alkali 
halides can also be described by the same formula, taking z,=1 ; x, =7. 

One important conclusion can be drawn from this fact : according to (16), 
the wave number is a function of the product of the numbers of outer electrons. 
From the agreement of calculated and observed wave numbers one can conclude 
that the molecules are built up not by ions but by neutral atoms. _ If this is true 
even for the alkali halides, it is also true for the other molecules. 

Most of the molecules whose frequencies obey formula (16) are known to have 
a strong dipole moment. ‘This can be considered as responsible for the fact that 
the force constant of these molecules varies much more slowly with distance than 
that of molecules whose dipole moment is small or zero. 

The group of molecules of the oxygen type belongs also to this series. They 
ire known to have a 3X ground state. ‘The parallelism of the spins seems to be 
sufficient to create a contribution to the force constant. 

In table 2 all known hydrides of metals have been listed for the sake of com- 
sleteness. As in table 1, the numbers of outer electrons used for the calculations 
yf the frequencies correspond to the maximum valencies of the atoms. However, 
he frequencies of the hydrides of Cu, Ag and Au, which belong to the transition 
ements, are much higher than expected from equation (16). This is probably 
lue to the effect of the last attached d-electrons at small distances. One could 
ise equation (16) to determine an effective number of electrons which allows the 
est description of the empirical frequencies in these three cases. They are shown 
n brackets in table 2. The halides of copper behave normally. 


able? mia=2-065,0103 (27.2, ter. (cm.)) 


7 (A.) Wobs. Weale. Error 31 2 
HNa 1:8875 s 1170°8 1170-8 (standard) 
HCs 2:494 s 890-7 890-7 (standard) 
HK 2244 s 983°3 989-8 O78 % Sel 
HRb 2-368 s 936 935°8 —_ sed 
HLi 1:5956s 1406 1430 1-7 3<4) 
HBe 1:343 s 2058 1965 4:5 ee? 
HMg 1:7302 s 1495 1506 0-7 <P 
HCa 2:002 s 1299 1307 0:6 152 


HSr 2°1457 s 1207 1218 0:9 1x2 
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Table 2—continued 

7 (A.) Wobs. Weale. Error 21 Be 
HBa 20908 as 1172 1173 0-1 1x2 
HZn 1:5947 s 1608 1604 0-2 in 
HCd 1-762 s 1431 1458 1:9 1x2 
HHeg 1-741 s 1387 1472 6-1 130 
HTI 1-870 s 1391 1525 9-6 13 
HPb 1-839 s 1565 1664 6:3 1x4 
HBi 1-809 s 1699 1786 5-1 1x5 
HAI 1:6461 s 1683 1744 3-6 1x3 
HSi 1521 (2080) 2109 1-4 1x4 
HP 1-433 s (2380) 2244 5-7 1x5 
HCo (1-543) s (1890) 1831 3-1 1x3 
HNi 1-475 s (1927) 1904 1-2 1x3 
HCu 1:463 s 1940 1921 1-0 (1 x 3) 
HAg 1-618 s 1760 1785 1-4 (1 x3) 
HAu 1:5239 s 2306 2275 1°3 (1x7) 
HCl 1-2747 5 2980 O7 16 9-0 1x7 
HBr 1-414 5 2650 2444 7:8 1x7 
HI 1-604 s 2310 2174 5-9 1x7 
O; 1:2076 s 1580 1497 5-3 6x6) es 
So 1:89 e 725°8 701 3-4 6x6 3 
Se, 216 e 392°5 392 0-1 6x6. 8 
‘Tes 2:59 e 251°5 262 4-2 6x6 933 
SO 1:4935 s 1123-7 1066 5-1 6x6 3D 
SeO 1:61 e 908-9 891 2-0 6x6 32 
TeO 1:82 796-1 768 3°5 6x6 
NaCl 2:51 e . 380 385.4 1:3 17 
NaBr 264 e 315 325 3-2 iN 
Nal 2:90 e 286 285 0-5 1x7 
KCl 2:79 e 280 303 8-2 1x7 
KBr 2:94 e 231 242 4:8 1x7 
KI 3:23 e 212 208 1:9 1x7 
BeF 1-362 s 1266 1211 4:3 7 
CaF 2-018 s 587-3 579-4 1:3 2x7 rof 
SrF 2-146 500-1 498 0-4 2x7  SrH 
BaF 2:23 468-9 465 0-8 2x7  BaH 
MeCl hil 466-0 452 3-0 2x7 NaCl 
MegBr 42-64 373-2 379 1-6 2x7  NaBr 
CaCl <2:79 364-5 358 1:8 9x7 GAG 
SrCl ~2-79 301-1 309 2-6 2x7 VKGE 
BaCl ~2:79 279-2 292 4:6 9x7 KCI 
CaBr r~w2-94 (280-2) 292 4-2 2x7 KBr 
SrBr ~2-94 (212) 232 (9-3) 2x7 KBr 
BaBr ~2:94 (192) 204 (6-1) 2x7 KBr 
CuF 1-759 5 619:5 619-2 0-1 2x7 
CuCl 2:13 e 417-0 418 0-2 2x7 
CuBr 2:25 e 314-1 319 1-6 2X7 
Cul 2:40 e 264:8 268 1-2 2 
Cc. 1-3121s 1641-7 1600 2:5 323° “In 


At the end of table 2, the vibrations of a few molecules have been consider 
whose intermolecular distances have not been measured directly but have be 
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inferred indirectly from molecules of similar size. The agreement between 
calculated and empirical wave numbers is sufficient to show that these molecules 
also belong to the series of polar molecules which obey formula (16). 

There remains the possibility that there are also molecules with a double bond 
which belong to this series with the smaller power law. The molecule C, appears 
to be of this type. ‘This molecule is known to have as ground state a 3II configur- 
ation. In molecules with triplet states the eigenfunction must be antisymmetric 
and, therefore, have a node at the centre of the line which goes through both nuclei. 
This means that in C, one pair of charges plays practically no réle in a region where 
normally the interaction of the two atoms is greatest. Thus it is understandable 
that only three electrons of each atom are effective, and on this assumption (allowing 
for a factor 2 for the force constant of the double bond), the frequency of C, is 
Ziven satisfactorily by (16). 

A similar pbenomenon seems to occur in the four molecules NO, PO, AsO and 
NS of table 16. All of them have doublet ground states (711). This can mean 
hat all electrons apart from the odd one form together either a singlet or a triplet 
state. ‘The latter possibility would again give rise to a practical non-participation 
yf a pair of electrons in the critical region between the two atoms. Empirically 
hese four molecules show among themselves the correct dependence r,-''8 upon 
he distance, but the charge product seems to be diminished by just one unit in 
ach atom. ‘This phenomenon seems to occur only with II states with their 
yronounced directional property. 


§5. DISCUSSION 


In the foregoing it has been shown that for a substantial part of all molecules 
vhose frequencies in the ground state have been measured, the force constant can 
ye described by a simple function of the equilibrium distance. ‘The formulae 
lepend only on two constants. ‘The difference between the first constant for the 
requencies in formulae (14) and (16) is only 5%. ‘The r-'8 power relation 
s fulfilled by about one hundred molecules ; the power rule r-°*? by about 
ifty. 

The 7-123 relation covers the range from the highest observed wave number, 
405 cm.—! (H,), to the smallest wave number, 42cm. (Cs,). In the series of 
nolecules with multiple bonds the same power law extends from the molecule 
50 to 2°Bi,, the heaviest stable diatomic molecule. 

The difference between calculated and observed frequencies is for the one 
undred molecules of table 1, on the average 16%, and often less than the 
mcertainty due to the errors in the measurements of the equilibrium distance. 

There is practically no difference between the effect of s- and p-electrons, 
or is the period of the elements of any importance. 

The dependence upon the distance is smaller than would be predicted by 
ormulae (4), (6) or (7). 

The fact that the variations of long series of molecules can be described by 
srmulae with only two constants is not only remarkable in itself but must indicate 

simple but fundamental physical fact. 

It is understandable that the force constant between two atoms depends, 
) a first approximation, only on the number of electrons which are in 
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the outermost shells of both atoms. Ample evidence for, and confirmation of, | 
formula (11) have been found in tables 1 and 2. The form of (11), the propor-| 
tionality of the force constant to the geometric mean number of electrons, is, | 
however, new and surprising. 

In the following it will be shown how this relation can be understood within 
the framework of quantum mechanics. In wave mechanics the density of the} 
charge, or the probability of finding one electron, is given by 


padbtdr - > eae (17) 


and the eigenfunction is normalized by 


[etd S19 1) (18) 


If there were z, electrons with the same eigenfunction, the probability of finding} 
one electron at a certain place would be zg, times as great and, therefore, 


fiab*dr Sze 0) ee (19) 


The Pauli principle does not allow more than one electron to be in a given state.| 
The electrons, however, which belong to the same shell, i.e. have the same principal 
quantum number, have similar radial eigenfunctions, at least the s- and p-electrons, 
In particular the mean distance from the nucleus is rather similar. Thel 
probability of finding one electron in the outermost shell will therefore be 2 
times as great as if there were only one electron there. In fact, the method of thet 
self-consistent field of Hartree is based on this condition. 

Generally, the function which represents the solution for the whole system off] 
electrons can be considered to be the result of the superposition of the eigen- 
functions of all the electrons which belong to the system 


be = Leb, és as ih CO TS cette tos olrerrel (20) 


As a matter of fact, the electrons are indistinguishable. In a system of electrons 
each electron can belong to each state which is occupied. The probability of 
finding one electron at a certain position is equal to the sum of the probabilitie 

due to the eigenfunctions which belong to the occupied states | 


Wh draSbaki*dr, (21) 


If the eigenfunctions are orthogonal, condition (19), 
eres = [2yabe*dr = 2, 


is fulfilled, and the orthogonalization is always possible. The condition of the 
form (22) corresponds to the quantization of the amplitudes introduced by Dirad 
(1927) in the theory of radiation. ; 

If there are two atoms, equation (22) has to be fulfilled also for the second 
atom, 


If two separated atoms approach one another, the two outer shells wil 
begin to overlap. ‘This gives rise to a perturbation. The energy of the whole 
system becomes a function of the distance of the two nuclei. The force constan4, 
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is equal to the second derivative of the energy with respect to the interatomic 
distance, taken at the equilibrium distance. 

According to equation (11) the force constant is empirically proportional to 
the geometric mean of the numbers of the outermost electrons, 


REV kyon laa, @ ae, aes Pak hee nto (24) 


With regard to equations (22) and (23), this fact obtains a simple theoretical 
meaning :—'The force constant is proportional to the mixed density of the electrons 


Row te, 
In the one-electron problem, H,~, the binding energy, is essentially due to the 


pal é 
overlap integral |e dr, if use is made of the method of linear combination of 
1 


atomic orbitals, and also the force constant is, at least to a first approximation, 
theoretically proportional to the mixed density. The result of (25) appears as a 
natural extension of this fact. 

The repulsive force contributes more to the magnitude of the force constant, 
since it varies more quickly with the distance than the force of attraction. At 
the equilibrium distance the repulsive force and the attractive force are equal in 
magnitude. ‘The force constant is due to the difference of the derivatives of these 
forces. One cannot derive the law of one of these forces alone from the rules 
connecting force constant and distance given by equations (14) to (16), but the vari- 
ation of the force constant with distance gives at least a lower limit for the variation 
of the repulsive force, and conversely, a given law for the repulsive force should 
give an upper limit for the variations of the force constant. 

The most important contribution to the repulsive force is due to the pressure 
of the electronic gas which is built up by the electrons of both atoms, particularly 
-of those which participate in the binding. ‘To get an indication of the magnitude 
of these forces one has to consider the electronic gas confined to the volume of the 
molecule. ‘The energy of the electronic gas is then, according to Fermi, 


3 h2 3 2/3 yo l3 
= 40 = (5) “p27 Be Boas (26) 


The contribution to the force constant is determined by the second derivative 
with respect to the atomic distance. ‘The order of magnitude is given by h?/mr4. 
This yields for y=1 a. an order of magnitude of 10°dyne/cm. This is necessary 
and sufficient to satisfy the requirements of equation (12), which describes the 
empirical facts. 

The occurrence of the mass of the electrons in the expression /?/mr* shows that 
the electrons are responsible for the magnitude of the force constant, though the 
frequencies which are measured are due to the vibrations of the total masses of the 
atoms of the molecule. 

The variation of the atomic distance during vibration leads to a variation of the 
volume of the electronic gas proportional to the atomic distance. As a result of 
equation (26) the variation of the energy is then proportional only to r-?’3, where 
ris the distance between the two atoms, and taking the second derivative leads to 
r-*'8? for the variation of the force constant. Owing to the effect of binding forces 
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and of the non-existence of rigid limits for the electronic gas, the actual variation | 
of the force constant will be slower. Comparison with the empirical formula | 
r-2-46 of equation (12) shows that this consideration leads at least to a good approxi- | 


| 
| 
mation and yields the right order of magnitude for the exponent of the distance 7 | 


in equation (12). | 


The relations for the force constant of diatomic: molecules which have been | 
derived in this paper can be applied also to polyatomic molecules, and can be| 
compared with other properties of matter, e.g. the compressibilities and thermal | 
expansion of solid bodies. This will be done in later papers. 
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TIDAL, EFFECTS ON THE PRODUCHIONSO® 
MESONS IN THE ATMOSPHERE 


By A. W. MAILVAGANAM, 
Colombo, Ceylon 


Communicated by Prof. P. M.S. Blackett, F.R.S.; MS. received 4 March 1946 


ABSTRACT. The theory of forced oscillations, magnified by resonance, of the earth’s} 
atmosphere with a period of 12 solar hours, as worked out by Pekeris, is applied to calculate} 
the amplitude of oscillation of the layer in the atmosphere in which mesons are produced! 
by primary incident particles. The calculations show that, on account of these oscillations 
and of the finite life-time of mesons, a semi-diurnal variation in meson intensity with a 
amplitude of the order of 0:14.% may be expected. 


in the atmosphere are now wellknown. It hastwo components, a solar andl 
a lunar, the amplitude of the former being about 15 times that of the latter., 
To explain the solar component, Kelvin made the suggestion that the atmospheres 
has a free period of nearly 12 hours, so that the solar semi-diurnal tide is amplified! 
by resonance. ‘The free and forced oscillations of the atmosphere have beenlt 


ap HE main features of the semi-diurnal barometric oscillation attributed to tides 
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studied by G. I. Taylor (1936) and by C. L. Pekeris (1937, 1939). Taylor has 
shown from a study of the propagation of waves of explosion that the atmosphere 
has a free period of oscillation of about 10-5 hours. Pekeris, using the known 
distribution of temperature within the first 60 kilometres of the atmosphere, 
and by assuming the simplest type of temperature distribution above 60 kilo- 
metres consistent with the existence of a free semi-diurnal oscillation in the 
atmosphere, has shown that the resulting free oscillation possesses the character- 
istics required by the “‘dynamo” theory of the diurnal variation of the earth’s 
magnetic field. It also followed from Pekeris’ work, in agreement with ‘T'aylor’s 
results, that the atmosphere so “adjusted” possesses yet another period of free 
oscillation of a period of about 10-5 hours. 

In an appendix to his second paper, Pekeris has given curves showing the 
_ variation of the semi-amplitudes of the vertical displacements of a particle with 
height above the ground for the two modes of oscillation. We note from the 
curve for the 12-hour period that these amplitudes become appreciable at altitudes 
above 10 kilometres. It may be recalled in this connection that Appleton and 
Weekes (1939), using radio methods of upper-atmospheric exploration, have 
detected a lunar tide in the Kennelly-Heaviside layer. They found in the 
experimentally determined expression for the equivalent height of the lower 
boundary of this layer a simple harmonical term, 0-93 sin(2¢/+112) km. They 
concluded that the tide is semi-diurnal, in phase with the lunar barometric 
oscillations as observed by Chapman at Greenwich, and of the order of 1 kilometre. 

Since, according to Pekeris, the amplitude of the oscillations of a particle 
increases rapidly with altitude, it is of interest to examine the extent to which the 
layer in which mesons are produced in the atmosphere oscillates owing to the 
semi-diurnal solar tide. For it is known from the work of Euler and Heisenberg 
(1938) that mesons are radioactively unstable, with a mean time of decay of about 
2 x 10-8 sec. in a system of co-ordinates in which they are at rest. In consequence, 
if the layer of production rises in the atmosphere, then fewer mesons would reach 
the earth, owing to the increased path the mesons have now to travel. Blackett 
(1938) has successfully used these considerations to explain (i) the temperature 
effect of cosmic rays, and (ii) the observations of Auger, Ehrenfest, Freon and 
- Fournier (1937), who found that the absorption of inclined cosmic rays was 
greater than that of vertical rays under the same thickness of absorber. Blackett 
showed that both effects could be explained in terms of meson decay, and deduced 
from the available data that the mean free path (decay) of the mesons in the 
atmosphere is about 24km. 
In this work account will be taken only of the solar semi-diurnal tide, the 
corresponding lunar tide being much smaller in comparison. ‘The work of 
Pekeris (1937) will be followed closely and the notation employed by himused. In 
order to simplify the calculations the following stratification of the atmosphere, 
slightly different from that employed by Pekeris, is assumed. A rough check 
indicates that no appreciable error is introduced by this simplification. 
The numbers 0, 1, 2, 3, 4 denote the boundaries between the sections of the 
atmosphere, 0 referring to the ground level. From the work of Hamilton, 
Heitler and Peng (1943) we take the meson-producing layer as lying between 
equivalent water-thicknesses of 15 and 30cm. below the top of the atmosphere. 
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In centimetres of mercury these will correspond to 1-1 to 2:2. The summer 
heights in the atmosphere corresponding to these pressures are, according to 
Humphreys (1929), 29 and 24:5 km. respectively. In order to estimate the order 
of magnitude of the rise of the layer of meson production it would be sufficient to 
use either the summer or the winter values. It will be seen that this layer lies in 
the stratosphere (i.e. in region 1-2). 


Position in 
Layer atmosphere Temp. Remarks 

Troposphere 0-1 0-10 287-230 Negative lapse rate 
Stratosphere 1-2 10-37°5 230 Constant temp. 
Layer of abnormal } 

reflection of > 2-3 37-5-60 230-270 Positive lapse rate 

sound waves J 
Adjusted top f 3+ 60-80 270-215 Negative lapse rate 

of atmosphere | 4 >80 215 Constant temp. 


For our purpose it is necessary to calculate the amplitude of the semi-diurnal]| 
tidal oscillation of the isobars passing through the heights under reference. The} 
oscillations of any particular level have been calculated by Pekeris and represented 
graphically (figure 3, curve Z,, of his paper (1939)). The magnitudes of the 
two kinds of oscillation must necessarily be different, the former being smaller) 
owing to the heaping-up of the atmosphere under tidal influence. Using the} 
notation employed by Pekeris, we have, if p is the pressure variation and h thes 
displacement of an isobar under tidal influence, 


~ F) : 
<= op, p= —gph, 


where o = 2; w is the angular velocity of the earth’s rotation, p the density of air ati 
the level concerned, and g the acceleration due to gravity. ‘These two equations 
along with equation 34 (Pekeris, 1937), 


— => = —SgH {C(1 + ve + D(1—v)e™}, 
yield 


na 
A= 7g tCUl + ve + D(1 —v)e*}, 


eee. (28 I 
where y is given by the relation (=3-2) x 10°, Z being the height of a layer 

measured in kilometres, and y is the ratio of the two specific heats of air. In the 
derivation of these equations we have omitted writing the imaginary quantity 7/) 
which only takes into account the phase of the oscillation. Furthermore, we havel) 


ante on the isobar SCO. The constants appearing in this equation havel 

been calculated by the method indicated by Pekeris (1939, appendix), and are as|)) 

follows :— ; 
C= 0-0794x10-, D=—0-975 x 10-5 
A, = —0-0634 x 10-5, A, = —0-0851 x 10-5 
V= 0-1483, =~ 7-87 x 10°cm. 
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Using these values, we find that the limits of the production layer estimated by 
Hamilton, Heitler and Peng are raised by 4:12 10? cm. and 2:76 x 103 cm. 
respectively at tidal maximum. Comparison with the curve given by Pekeris 
shows that these displacements of the isobars are smaller than, but of the same 
order of magnitude as, the displacements of layers at the respective heights. 

From the above calculations we find that the lower surface of the production 
layer is raised at tidal maximum by 3-44 x 10? cm. (mean), the mean height of the 
surface being 27km. Using Blackett’s estimate of the mean free path (decay) of 
the meson, we obtain the following equations for the mesons reaching the earth at 
zero tide and maximum tide respectively :— 


INGSING Ee ee N’ IN ek At 


where JV, is the number of mesons produced in the layer. We thus get as a lower 
limit for the percentage variation in meson intensity at tidal maximum 
N-—N' 
N 


According to Simpson (1918), the semi-diurnal pressure maxima due to the solar 
tide occur at 10a.m. and 10 p.m. local time. ‘The minima in the meson intensity 
due to solar tides should therefore occur at these times. The tidal theory 
developed by Pekeris may be considered satisfactory in many respects; but it 
fails to explain why the semi-diurnal maxima occur at 10a.m. and 10 p.m. (local 
time).* It may also be objected that the assumed temperature variation for the 
top of the atmosphere, which is by no means unique, does not fit in with the data 
obtained by the radio-exploration of the upper atmosphere. 

In conclusion I would take this opportunity to thank Mr. M. Kidnapillai, 
of the Ceylon Technical College, for much valuable assistance in the calculations, 
and Mr. V. Appapillai for helpful discussions. 


x 100=0-14%. 
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NOTE ON MEASUREMENTS OF GLASS 
ABSORPTION 


By CSS MiPRT ERs. 
National Physical Laboratory 
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ABSTRACT. The theory of four methods of measuring the transmissivity of optical 
glass is given, with special reference to the effect of surface reflexion. "The methods include 
one recently described by A. Maréchal, and two which have been used for industrial 
measurements. The accuracy attained by all four methods is similar provided the appro- 
priate conditions, which are more stringent in some cases than others, are satisfied. 


NE of the chief requirements of glass from which optical instruments are 

to be made is a high transmission factor. Great attention is given to the 

purification of the raw materials, particularly important being a very low 
iron content in the sand. Correspondingly important is the accuracy of the 
measurements from which the transmissivity of the glass is derived. 

The loss of light in passing through glass is attributable to two distinct causes. 
Within the glass, light is absorbed, and at the surfaces some is reflected. The 
surface losses depend on the state of the surface; a freshly polished surface may 
differ from a clean surface that has been exposed to the air for some days, and 
a bloomed surface will, in general, differ appreciably from an untreated surface. 
For these and other reasons it is desired to separate the two effects, and particularly | 
to determine the true loss due to absorption within the glass, from which the | 
transmissivity, i.e. the proportion of light transmitted through a thickness of 1 cm. | 
of glass, is obtained. To obtain accurate values the specimens examined should 
give a long glass path, so that any errors in the measurements will have a very | 
small effect on the value found for the transmissivity. For example, if the trans- _ 
mittance of a specimen 20 cm. long is 80+1 per cent, the transmissivity is | 
0-9889 + 0-0006, so that the accuracy is of the order of one part in two thousand, 
though the direct measurements are uncertain to about one per cent. . 

Before considering. methods of measurement it is convenient to establish | 
the relations between the glass and surface properties and the measurable quan- 
tities. At each surface some of the incident light is reflected and some transmitted, | 
but it is assumed that none is absorbed; let the ratio of the reflected to the trans- 
mitted light bee. Within the glass the fraction 7 is transmitted and none is reflected. 

The measurable quantities are the intensities of the beams of light entering 
and leaving the specimen. It is convenient to consider light travelling in both 
directions on each side of the specimen. Let the light intensities of the entering 
and leaving beams on one side be denoted by 7 and 7 respectively, and the beams | 
on the other side travelling in the same directions be denoted by 2’ and j’ respec- 
tively. he emergent light 2’ is composed of the transmitted part of 7 and the 
reflected part of j’, and similarly 7 is composed of the reflected part of 7 and the 
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transmitted part of j’. Let tf and r denote the transmission and reflexion factors 
of the complete assembly. It is known that ¢ is independent of the direction 
in which the light travels, and that the values of r for both directions are equal 
if the system is symmetrical or when there is no absorption. The relations between 
the beams may be written concisely 


eT eel ge 


so that 
(Cowes 
. oe, t 
(ay lez (ta) | . fas eae (1) 
| 


When light falls on a succession of media the last equation shows that the resultant 
effect is obtained by multiplying in their proper order matrices of the form shown 
on the extreme right of this equation. If we note that when there is no absorption 
t+r=1, and that this matrix then takes the form 


l—e —e 
€ l+e 
we see that for the glass specimen under consideration 


r lens enleAitae Sale elem ean 


ope hci, | 

| t t | 
r 1 os 1 ? 

L ft ne ot Wl loen lea | Meee € ees | 


Clearly to obtain the transmittance 7 two quantities must be measured. 
When the refractive index of the glass is known, and the surfaces are freshly 
: = Ls 
polished, « has the value aa From the value of 7 im equation (2) we 
bb 


obtain the quadratic equation 
Tt 1 +)? —(re)*} S.010G-0 (3) 


for r. The percentage accuracy in 7 is substantially equal to that int. ‘The experi- 
mental procedure is to determine the ratio of 2’ toz whenj’=0. In practice it is 
sufficient to know the type of glass being measured, as this will determine e 
with ample accuracy provided a freshly polished specimen is used. If the surfaces 
are well bloomed « will be small enough to be neglected. 

A method that has been extensively employed is to make transmission measure- 
ments on two specimens of the same glass, one very thick and the other thin. 
Assuming that their surfaces are in a similar state, equation (3) gives, with ample 
accuracy, 

Tipe Ua etre) s* 


where a very rough value of ¢ is adequate. The left side of this equation represents 
the transmission factor for a thickness of glass equal to the difference of the 
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thicknesses of the two specimens. As the percentage errors in the values of ¢ are | 

algebraically subtractive, the corresponding error in + may be twice that made i 

in a measurement of ¢. 
A third method that is less familiar is to determine both 7 and ¢ experimentally. 


« will disappear from equation (2) if we pre-multiply throughout by (1 1) and | 
This gives 


(1-7)? 1 
t T 


post-multiply by - 


= ff = =a 


a quadratic equation for 7. When ¢ and r are known, 7 can therefore be found | 
whatever the condition of the surfaces may be so long as there is no surface 
absorption. The two surfaces may be dissimilar or non-uniform in their properties, 
though in the latter event the same areas must receive the light in all measurements. 
If the errors in the measurements of ¢ and 7 are d¢ and 67, the corresponding error 


in 7 is 67 where, 
1 1—7\2 1—7 
€ _ 1) r= 4(") +1}se+2—=" a, 


or the error in 7 is approximately the sum of those int andr. As, tends to be small, 
the error in its value will normally be of little importance, and the error in 7 
is substantially equal to that in f. 

A new method has been proposed recently by Maréchal (1944). He | 
measures the brightness of the reflected beam when the glass specimen is 
backed by a mirror having a reflexion factor p. If R is the observed reflexion 
factor of the combined system, equation (1) gives 


a r 
iirel sean? a 


(1 R) =0 


p 1-1’ 


since j’=pt’. When «, and therefore also 7, is small enough to be neglected the 
equation reduces to 

eek 

Tce 

p 
This equation will be applicable when the surfaces of the specimen are carefully 
bloomed. The relative accuracy of the value of 7 is equal to that of a single reflexion 
factor. 


When ¢ is not negligible, substitution for 7 and t from (2) leads to a quadratic 
equation in 7? which may be written 


7 p= 
[1 +){1 + (1 —p)}—7e{p + (1 —p)}] [(1 + <){R—e(1 — R)} —7e{1 —e(1—R)}], 


so that 7” is a symmetrical function of R and 1/p. In both factors the coefficients _ 
of « tend to be small and those of «2 decidedly smaller, so that the correction 


Note on measurements of glass absorption 475 


required owing to surface reflexion is substantially represented by first-order 
terms. This gives 


ia pe tae Cada oe “ 


as a working formula. 
The accuracy attained may be illustrated by a numerical example. Suppose 
the true values are 
«=0-05, 7=0-08, p=0-90. 
Calculation by (2) gives 


pool 2 an \ 2 
R=0-5851, ig =0-6501, ea as Gar =0-3053. 
p R p 


Substituting in (4) and using the correct value of € gives 
7? =0)-6402, 
a very satisfactory result. The magnitude of the difference between 72 and R/p 


indicates that « should be known with an accuracy of a few units in the third decimal 
place. If the surfaces are bloomed the term in ¢ should be negligible. 
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OFS THE REFLECTION KLYSTERON 
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closely spaced grids through which an initially unmodulated electron 
beam passes. The field between the grids alternates, accelerating or 
retarding the electrons, which pass on into a retarding field which returns 
them through the grids. The accelerated electrons go further than the 
retarded ones and so take longer to return. With proper adjustment of 
beam voltage and reflection field, the resonator receives over one half-cycle 
more energy than it gives up. 
It is often taught that electric current is like water flowing through a pipe, 
and that a triode valve is like a water-valve. Extending the analogy (Scott, 
1944), an electron beam can be represented by a water jet and an electric 


TT reflection klystron has a rhumbatron-type cavity resonator with two 
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field by the earth’s gravitational field. On this basis a working model equivalent | 


to a reflection oscillator has been made, using a balanced horizontal arm A ! F 


. » 
mounted on two adjustable leaf-spring hinges B as the tunable “ resonator 


(figure 1). On one end of the arm, a close-mesh gauze “ catcher” grid C is | 
fixed, and behind it, but 10 in. distant, a nearly vertical nozzle D which is fed — 


with water through the hollow arm from a flexible rubber tube E. Figures 1 | 
to 4 show the model in oscillation. The photographs were taken using a jf 
B.T.H. electrical discharge photo-flash lamp set to give a flash duration of 
100 micro-seconds. 
Starting from rest, the random motion of the water as it breaks into globules 
produces sufficient agitation (corresponding to electron agitation) to initiate 
oscillation provided the jet velocity is correct. In action the jet is modulated 


in velocity by the vertical simple-harmonic motion of the nozzle. ‘The water | 
accelerated during the second half of the up-stroke and that retarded on the |i) 
first half of the down-stroke bunch together and arrive back to hit and propel |} 


the gauze grid on its downward stroke. Thus over one half-cycle more | 
energy is given to the system than is absorbed by friction, windage, and by | 
water impinging on the upward stroke. | 

Figure 1 shows a compacted bunch, FG, half-way back, and at the top a still | 


widely spread “future” bunch, HJ. In figure 2 the beam is moving down, and |]— 


is about to be hit by the now horizontally disposed bunch KL. At the top _ 


the next bunch, MN, is compacting. In figure 3 the bunch OP is splashing Nh 


through the grid. In figure 4 the grid is moving up again, the next bunch, 
QR, forms a loop inclined at 45°, and a rising part, ST, of the jet, inclined at 
10°, will form another. In figure 2 two well-formed bunches and another | 
partly formed one are in the air. 

Oscillations can be maintained by flight times corresponding to approxi- |} 
mately 14, 24, 34, etc., cycles, instead of the 3, 14, 24, etc., cycles, which are | 
required by the electron tube. The slight increase or decrease of frequency, 
caused by slightly lowering or increasing the jet velocity, so that ‘‘ bunches” 
arrive sooner or later at the catcher, corresponds strictly to the electronic | 
tuning of reflex tubes (Pierce, 1945). If the jet velocity is definitely incorrect, | 
oscillations will not build up or even maintain themselves. 
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NOTE ON THE MEASUREMENT OF SPECTRAL 
DISTRIBUTIONS WHEN LINES AND CONTINUA 
ARE PRESENT TOGETHER 
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ABSTRACT. ‘The problem of evaluating the intensity of a line spectrum relative 
to that of a continuum is solved for the specific case of a double monochromator (the 
dispersions in the two halves of which are in the same direction) used in conjunction 
with a selective detector. The form of a function of the slit-widths and the dispersion 
required for the solution is derived analytically : a geometrical treatment given by Cittert 
is criticized. 


§1. INTRODUCTION 


S the radiation from the majority of fluorescent lamps consists of lines 
(mainly those of mercury) superimposed on phosphor continua, the 
problem of evaluating the intensity of a line spectrum relative to that of a 

continuum is one of practical importance. Despite this it appears to have 
received little attention. 


§2. SOLUTION IN TERMS OF AN UNKNOWN FUNCTION 
OF THE SLIT-WIDTHS AND THE DISPERSION 

To avoid circumlocution, the solution of the problem is given for the specific 
case of a double monochromator, the dispersions in the two halves of which are 
in the same direction (Perry, 1938) used in conjunction with a selective detector. 
It is further supposed that for each wave-length the energy of continuum per unit 
of wave-length (at the entrance slit) required to produce a given detector response 
is known. Solutions for other cases can easily be deduced. 

Consider a source which radiates in unit time an amount of energy e, as a line 
of wave-length A, and a continuum whose energy in the range A to A+d) is Ej,dd. 
Let the widths of the entrance, middle and exit slits of the monochromator be 
respectively s,, 5, and s,; they are assumed to be sufficiently wide for diffraction 
effects to be negligible. Then, as the magnification produced by the monochro- 
mator at each slit is unity, the energy of line of wave-length A emerging per unit 
time from the exit slit when the monochromator is set for this wave-length is 
«,5€,, where s is the smallest of 5, s, and ss, and «, is a factor depending on the 
aperture of the monochromator and the absorption of its optical system. If the 
slits are sufficiently narrow for EZ, to be sensibly constant over the range of wave- 
lengths embraced by them (which should of course be the case) the energy of 
continuum emerging can be expressed as x, Ey F (515 S25 53, $2), Where f is some 
function of 51, 5, s; and ¢,; ¢, is the reciprocal of the linear dispersion of either 
half of the monochromator at wave-length A. The form of this function is 


given in § 3, 
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The indication of the detector when the monochromator is set at wave-length | 
is of course produced by the line and continuum together. Let E,{ (obtained 
from the calibration curve) be the energy of continuum per unit of wave-lengt}} 
which would correspond to this detector reading. Then the part of £;’ to whicl) 
the line gives rise is £,’—E,, where E;, is the part of E,’ to which the continuun}) 
gives rise, which can be obtained by interpolation between continuum value} 
on either side of the line. Since a given detector indication at a given wave-lengtl 
always corresponds to the same amount of energy incident on the detector, th¢ 
energy from the line which strikes the detector is 


K(Ey’ — E,) .fisy, $25 83) $a): 

Hence KS €,=Kj(Ey’ — E,) -fi(sy, Sa) $3 Pa)s 
ie! €,=(E,’ — E,) . f(y, S05 $35 Pa)/S, | 

and thus the energy of the line relative to that of the continuum in the emittec 
light may be obtained. | 
In this treatment it has been assumed that there are no lines whose wave-length | 

are sufficiently close to A for them to pass the exit slit (in whole or part) when ths 
monochromator is set at wave-length A. Measurements can, however, still be mad 
even if this assumption is not justified. It is only necessary to calculate the wave 
length setting of the monochromator for the part of the line which is not overlapped 
make the observation in this position, and apply the formula given above with th 
width of the part of the line observed substituted for s. The accuracy of thi 
procedure is, of course, limited by the mechanism of the monochromator. 


$3. ANALYTIC DERIVATION OF THE FORM OF THE FUNCTION 


Using a geometrical method, Cittert (1926) has obtained expressions for 
but his treatment of the range of validity of the solution is not entirely satisfacto 
and the dependence on the dispersion is not mentioned. These criticisms wi 
be amplified after the analytical treatment has been given. 

It is first necessary to obtain an expression for the intensity of radiation passin 
the second slit. There are obviously three cases to consider: s,s,. Since the 
width of the image of any wave-length in the plane of the middle slit is Sy it 
the first case (s;>s,), the energy of the radiation in the wave-length range d. | 

Sy 


Si Shee 
5? by to + 2S gf 


will be uniform (namely k, E,s, dx), but the energy in the band surrounding waved} 
lengths outside this range will steadily fall until it reaches zero at wave-lengths} 

Syts Pe : 
A+ ee ¢a Thus the intensity in the range dv surrounding any wave-length al 


Ci 


surrounding any wave-length x in the range \— 


in the regions of varying intensity is 
+5, [A-x| 
ye pe WBE Bre 
AAR | 2 db; dx, 
Hees k4 is analogous tox,. Hence in the case 5,;>, the intensity passing the middlf | 
slit is ‘ | 


ht tg | ae S188 4 - 
| he Basydx +2 | ‘ yo) [asa | ae \} 


61-8 
rE - 4, — eg yy d 


which comes to k, $i, Ly S455. 
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_ The expression for the intensity in the case s,<s, differs only by interchange of 

_ $, and sy, and hence is also equal to k,4,£45,s,. This expression holds, again, 
when 5, =5p. 

| The effect of the third slit must now be considered. There are obviously 

_ three physically distinct cases: 

| 1. None of the radiation is cut off at the third slit. 

| 2. The third slit only passes wave-lengths which arrive in its plane with the 

' same intensity. 

3. The third slit cuts off in the region of diminishing intensity. The conditions 
satisfied by the slit-widths for each of these three cases can easily be written down 
since the width of the image of any wave-length in the plane of the third slit is the 
width of the part of the image of this wave-length which passes the second slit. 
Using the same principle, expressions for the intensity emerging in each of the 

' three cases can also be obtained. 

Thus for s, Zs the condition for the first case is s,;>2s,+5,; the intensity 
emerging is obviously «4 F444 5159, i.e. fHdbi5459- 
| For the second case, if (a) s,;>s, the condition is s;<s, —2s,; this is again effec- 
tively a two-slit case (s, and s3), and so for ee the intensity emerging is 
ky 4$4 5283, 1.e. f=di5083. The condition for the second case if (6) s;<s, is 
$3<2s,—3s,. This is effectively another two-slit case (s, and s3), the dispersion 
being twice that of the previous one (since the slits in this case are separated 
3 by a double optical system). Hence the intensity emerging for s, = Sau 

$4, Ey $3 5453, i.e. f=44, 5,53. This case does not occur if 3 s,<s;<2s9. 
For the third case, if (a) s;>s, the condition is 2s, +5; >53>5,—25,; the wave- 


1 + = d,, and the wave-lengths 


lengths at which the slit cuts off completely are A + 


between which there is no cutting off are A+ 2 ¢;. Hence, by reasoning 


analogous to that given in the two-slit case, the expression for the emerging 
intensity is 


a— "3"? ¢ me tp ye 
Bi} 2 | wing (2p? ~~) a 
ay wa ba 


fia EE aa A+ db 
+2] 2 ha $1 + Sg ‘+ r x ie +{ 2 * 5. dx : 
ec CE ays Sale: 


which comes to 


kK, Ey dy [ Bts—a) = os", 
i.e. Es E (eae as"!. 


If (b) s,<sy, the condition is 2s,-+5,>s,>2s,—3s,, and the expression for the 
intensity is 
hopes a (5326s P2(A—m) 
Eelaa ane ‘(ag — as 
. ‘| 1s, 2 Pi 


83—8 


A= 4 63/5, +:5,  A—% At OS, 
+2] aL ee dx + ne, 519% |, 
tara 2 JOT) a ta 
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which again comes to 


ne “Tl 
cEi$s| 2 ($1 +53 — yee os". H\ | 


The conditions for, and intensity emerging in, this case if (c) s;=s, are given b} 
substituting this relationship in either of the above conditions and expressions 


respectively. | 
To summarize, the conditions for the various cases are therefore: 


1 $1 Z Sx, $3228. + Sy. 

Dye pa ZS) 53X51 — 25 5 
(6) Ta $3 <2s,— 35. 

3 (a) 25,5; = sa Sn ee 
(b) “25s-F Sp = Sa =n 
(€) #383 = 35ge Sa. 


In his treatment of the problem, Cittert (1926) distinguishes four case 
(according to the intensity emerging) and gives the conditions for them as: 


AS Sie, 

B 2s.<sats, and s3>>5,+255. 

C 2s5<s,%es,. Cand’ sy<s, + 2s, ands) =a,4- 2532 
D- 2s,<s,+5, and” s1>53+2so: 


There are several objections to this. Thus it is not pointed out that case B (corre}} 
sponding to 1) is significant for s; 2s; the second condition of case B implie 
the first. A similar objection applies to D (which corresponds to 2 (a)); moreove 


it is not stated that D is significant for s, < that A (corresponding to 2(6 


is significant for s, 2 53 18 not mentioned either—the condition given is inaccurat cl 
‘The statement of the conditions for case C is misleading: if s,>s, (correspondin}} 


‘to 3(q)), the first, which is inaccurate, is irrelevant, and if s,<s, (correspondin}} 
to 3(4)), then the last one is irrelevant; mention of 3(c) is omitted. This methos 
of presentation, moreover, somewhat obscures the physical significance of thi 
conditions. | 
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ABSTRACT. ‘The sudden introduction of a high temperature source of heat into a room 
is idealized by supposing that the walls absorb a constant uniform flux of heat. Formulae 
for the temperature distribution after various times are derived on the hypothesis that 
a wall is of infinite extent and comprises a uniform finite layer superimposed on an indefi- 
nitely thick base. ‘The factors which determine the rate of rise of the wall-surface tempera- 
ture are particularly studied. 


§1. INTRODUCTION 


HE report gives a mathematical treatment of the problem of the temperature 

distribution in a non-homogeneous wall of two components under transient 

conditions when the flow of heat into the surface of the wall is constant. 
This is of particular interest when considering the rise of temperature of insulated 
wall surfaces in a domestic room, heated by radiation from a high-temperature 
source. The particular application envisaged is when such a room is adapted, 
by means of suitable wall coverings, to promote conditions of comfort in as short 
a time as possible after applying the source of heat. 

From an economic point of view, it is desirable to know the thickness of thermal 
insulation required, and the effect on the temperature distribution of the thermal 
properties of the insulation material. By means of certain assumptions, which have 
been justified experimentally, it is possible to form an equation from which curves 
can be constructed for practical use. 


§2. MATHEMATICAL FORMULAE 


Assume first that the area of the wall is great, so that the heat is conducted 
serpendicularly to its surface, which is taken as the plane x=0. The wall consists 
of two components, one of thickness x, extending from the plane x=0 to x=a, 
vhile the second component extends from x=« to x= oo (under practical con- 
litions, and for the times and materials under consideration, this conception 


ntroduces no error). ¥ 
The temperature U(x, ¢) satisfies the following conditions : 


dU CUT Ve Gx 0) DS), i 
‘dt dx®t>0, obx>a; D=D,’ 


arts U,(x, t) — 0, meee) a)s (2) 
t=0 


(igh HEROS OIA kt Senn Oe) corre (3) 
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dl’, duly 


ie a= = ee ko oa See uHD (4) 
dU, 
Lt (- 4) = ff for Vato, "eee (5) 
Lt U,(x«, t)=0 for 0<i< 0, 5 scoae( OD 
where subscript 1 refers to top layer 1, subscript 2 refers to base layer 2, and 


x = distance perpendicular to the face of the wall, 
t=time, 
D=thermal diffusivity =k/S. 
k =thermal conductivity, 
H=constant flux of heat perpendicular to the wall surface, 


S=volume specific heat (specific heat x density). 
Let 
T= | Ue' dt, the Laplace transform of U; 
0 
then pt 
du 
=f = PU UO), 
hence 
@2U_ Pp 
7 tSaaDD U=0 since UX0)=0. seen (7) 
Thus = SLA wa 
Op= Aye-V oie + B eV 2c | eee (8) 
Uy Ape V 2s? ot (9) 
The boundary conditions give 
| —A,Vp/D,+B,Vp/D,=—H/k,p atx=0; (10) 
also 
hy _(=Aa|-V/Dy)e*V22* + (By) Dy eV 2: ay 
he (= Ay/V/D3)e*V? (Bi 4/ Deas ee a 
and 
Aye*V 2D. + Bye V PIDs = Are-*V PIDs + BygtV PIDs (12) 
‘These lead to 
H/D, e-&V PID; _ — — av aa 
yl hel ee aa 
= 
—1V p/D, _ p%V p/Di\ __ <2 — (a 1 paw pjD 
(ee re eae i [Ps Die Pa ene) 
_—HvVD, 1 1 
yk p/p e2aV DID, (; Fae i A Miterelexerere (13) 


where 
3 RySo+k,S, 
ae kySy— RS," 
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Similarly 
A, =(2H|p)V D,D,/p exp. ay/p(Dy! + Dz) Al(1+ye%VPB) od, (14) 
where A=(keV Dike Day 
Hence 


7, -HVD, [ie sare (an) | _ 
kipy/p Pp yerxv vids 1+ yr le 2¢V 21D, 


Ny aed Ene Si ee eV vID, eee (15) 
ki p/p e22V DID, 1+ yte-2V 0D: ae 
and 


=: EY I ) Vale se + oe) - 
Oh Typa/p. 1 4 te Be V/ oD, e [ G D, V Dz a ° 


Now y-te-V2ID: is essentially less than unity, so (1 yoe* VPP). can be 
expanded as a power series. If so, then, as functions of p, U, and U, will be the 
sum of terms of the form (A/py/, 5)e-BV?. The inverse cian siotiee of such func- 
tions of p are known, so that when the expansions have been derived, the inverse 
transforms U, and U, may be written down as 


Di 
ee) 
oa emi: ae 
Y n=0 y ae 


—{x+2a(n+ 1)} a SS aaa 


#60 —2atn-+)p{ 1 ert ( 2D) Nh Ms. (17) 
U,= 2HV Dy Se (- ee e- {ta 1— V DiJDy(2n +1) \"/4Dat 


Na n=0 
es x—a{] —V Ds/D,(2n+1)} 
—[x —a{1 — VD,/D,(2n+ 1)}] (1 set err amie 7 gir aa THE )}. 


U, gives the temperature at any point x in layer 1 of thickness « at any time ¢ 
from the introduction of the source of heat, while U, gives the temperature in the 


semi-infinite layer 2 of the wall. 
The surface temperature U, is given by putting x =0 in the expression for Uj, 


VIZ., 
af 7 ies z= ay [Pe (a2 
= e~ tD, 
= (2 Y n=0 Y, uw 


Sant) (1 _erf rad ore (19) 
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. 


The temperature at the interface, Ug, is given by U, when x=«: 


n=o n Dy —(x2ntD)! 
poe es (Ge) 
ki n=0 Y Y ws 


-20n+1)(1-et 375) | fi ES 


§3, APPLICATION OF RESULTS 


Representative values of k,S,, kS for a practical range of materials have been: 
used to calculate the variation of temperature rise of the insulation surface for 
various times, with the results illustrated in figure 1. This shows the behaviour 


i Properties of Insulating Material ] 
iB k, = 0:00035 watts /cm/ °C i 
S, = 0:0725 Joules fem/ °c 3000 Sec! 
ie 
a Ba 
2000 Sec. 

(0}- ++ 
ae) }_ 
= 
Vv 

8 St 
ee 
~ } 
3 7 eee 000 Sec 
2 
=a) 8 = 
= 
o s-—+— 500 Sec 
= 4 Bs 
. e: 

3+-—t . 


ie} \ eC 3 4 S 6 ae 8 9 10 
Thickness of insulation O& in cm. 


Figure 1. Variation of surface temperatute with thickness of insulation 
material on brick, 


of the best insulating materials, both as regards high thermal resistivity and low. 
volume specific heat, for which data are available, when used as a wall covering / 
on brick of 5°% water content. | 

It will be observed that for each time of heating there exists a thickness aftes| 
which the wall behaves as if it were of infinite thickness, and the surface tema 
perature rise corresponding to thisis, therefore, the maximum obtainable with that 
material for the time of heating concerned. Provided this thickness is attained, | 
the base layer 2 may be ignored and the surface temperature will follow the aa | 
for a homogeneous wall, viz., 


Up= 2H V(t/Syky7) =(2H/ky)V(Dyt/m). (21) 
Now in figure 2 has been plotted the thickness « for which the lower layer | 
affects the surface temperature by 10%, and thicknesses exceeding this may be } 


taken as effectively infinite in the application envisaged. This critical thickness || 
is given as a series of curves against D,t for various values of k,S. 


1 assuming 
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the lower layer to be brick. For thicknesses greater than the critical value of «, 
equation (21) applies, so that if a certain value of U,/H is assumed, the scale of D,t 
can be transformed to a scale of k,, which has been inserted for a value of U,/H 
of 1°c. per milliwatt per cm? This means that, if it is desired to know the time 
to reach a temperature rise of 1°c. per milliwatt per cm®, then by noting the value 
of the thermal conductivity of the wall covering on the scale of k,, D,t is found. 
If the volume specific heat is known, then D, is known and f, the time required, 
is obtained, while by reading « on the curve corresponding to the appropriate 


5 


7 a : 


4: 


scion ie in cm 


Minimum thickness of insul 


V, S| 
Gt ae ee ama: 5 


$ 6 7 8 9 1) Ml ee 3. WS 
Scale of D)t 
EES Na te AT PE ee Tr ee Pa 1 4 4 as —— 1 =| -3 
O75 14 1618 2021 23 25 27 28 203031 32 33 34 35 36 37 3839 40 41 42 43x10" 
Scale of k when U/H=I°C per milliwatt /cm? 


Where D, - Diffusivity of insulation (cm*/sec) t <= time cf heating in seconds 


Figure 2. Variation with Dt and k S of minimum thickness of insulation on a brick 
wall to give maximum surface temperatures. 


value of k,S,, the minimum thickness of wall covering can be found. For other 
values of U)/H, figure 3 can be used, which gives U,/H as a function of the time ¢ 
rom equation (21) for different values of k,S,. If the properties of the wall covering 
re known, the time of heating, temperature rise and intensity of the source of heat 
re given by the curve with the appropriate value of k,S,, while figure 2 gives the 
ninimum thickness of covering. 

Conversely, if the desired temperature rise and intensity of source (giving 
he intensity of radiation on the wall surface) are known, then the time to attain 
his temperature can be found from figure 3 for a series of yalues of k,S,. If any 
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particular material is chosen to satisfy a chosen value of k,S,, then D, is also known i) 
together with D,¢, which, from figure 2, will then give the minimum thickness} 
or else, the iiicknese having been decided, D,t can be found from figure 2 for any| 
value of k,S;, which again gives the eee conductivity and volume specific} 
heat of the material required. | 

As is well known, the thermally insulating properties of a material for transien} 
heating of this type depend ideally only on the product of its thermal conductivit i| 
and volume specific heat, decreasing as the latter increases, but the thickness 
which is required so that, for the given time of heating, the base material does no 


U/H (°c. /milliwatt/cm?) 


10 100 1000 10000 


Time (seconds) 


Figure 3, Variation of ratio of temperature rise of wall surface to incident radiation with 
time for a range of values of k S when thickness exceeds minimum («). 


k=thermal conductivity in watts/cm./°c. 
S=specific heat in watts/em3/°c. 


matter, increases with the product of the diffusivity and the time involved. Thal 
a low value of thermal conductivity or high resistivity is always advantageoug 
but alow volume specific heat may involve some cost in the thickness of insulatio 
However, the compromise must take into account considerations other thai 
scientific, so that this aspect cannot further be pursued here. 


§4.-CONCLUSIONS 


(1) With a constant flux of heat a two-layer wall will behave effectively as 3} 
single layer, provided the time of heating is short enough in relation to the thicknes} 
of the surface layer and its properties. Formulae are derived for the transient 
temperature distributions. 


product of diffusivity of the surface layer and time, for a given base material 
and decreases to a less extent with increase of the product of thermal conductiviti} 
and volume specific heat. 
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(3) While for a homogeneous wall the thermally insulating properties in 
transient heating require a low value of the product of volume specific heat and 
thermal conductivity, yet a low volume specific heat may increase the thickness 
of the material required to obviate the effect of a base material of conducting 
properties on which the first material may be applied. 
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on paper by R. F. S. Hearmon entitled “The fundamental frequency of 
vibration of rectangular wood and plywood plates” (Proc. Phys. Soc., 58, 78, 
(1946)). 


Dr. KanTorowicz. It is stated in §3 that “... The most powerful response 
in all cases occurred when the frequency of the driving current was one-half the true 
resonant frequency...”’ ‘This is not surprising, for with the arrangement shown on 
page 83 the armature A is attracted twice per cycle by the magnet B. There is, therefore, 
strict resonance between the vibration exciting force and the vibrating body. 

This frequency doubling can be avoided by polarizing the magnet either by means 
of a permanent magnet core or by means of a polarizing D.c. 

It should be realized that such polarization is a powerful means for magnifying the 
alternating force between magnet and armature. 

The force F of attraction is proportional to the square of the flux, which in turn is 
proportional to the sum of the polarizing and the alternating currents 7 and 07 respectively; 
therefore the alternating torce is f+ d0F=a(i-+ 61)?. 

If the static force, F=ai*, is subtracted it is seen that dF =a(210i+ 61”). 

Even if 67 follows a sine law the force of attraction will contain a term in sin?. Conse- 
quently it is not a pure harmonic force, but contains higher harmonics. 

This is the simple explanation of the observation that the plates “‘ respond to integral 
sub-multiples of the resonant frequency’”’. In short, those sub-multiples have harmonics 
at the resonant frequency. 

It is noted that the author feeds the voltage developed across the magnet to an oscillo- 
scope. It is recommended that instead he should deflect the electron beam by a signal 
in phase with the current and, therefore, in phase with the exciting force, for in this case 
he can easily observe whether the velocity of plate motion is in phase with the exciting 
force. (His pick-up, C x D, is velocity-sensitive.) 

This condition of exciting force and velocity of vibration being in phase is a very sharp 
criterion of resonance and much more easily recognized than maximum amplitude. 

With improved technique I expect the author will be able to supplement the information 
of resonant frequency by the probably even more important one of the damping capacities. 


AuTHor’s reply. I am grateful to Dr. Kantorowicz for his comments, and hope to try 
but the practical suggestions in any future work on vibration problems. The arrangement he 
sroposes for avoiding frequency doubling and for magnifying the alternating driving force 
1as not, to my knowledge, been used in experiments on the vibration of plates, but I have 
ised a similar arrangement, due to Ide (1935) (Rev. Sci. Instrum., 6, 296), to excite longitudinal 
ribrations in wooden specimens. ‘The most powerful response then occurred with the 
requency of the driving current equal to the resonant frequency, in agreement with 
Ir. Kantorowicz’s prediction. The existence of the frequency doubling was, of course, 
ecognized and allowed for in my paper, and the results are, therefore, not affected by it. 
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Mathematical Theory of Elasticity, by 1. S. Sokolnikoff. Pp. 394. (Brown | 
University: Summer Session for Advanced Instruction and Research in: 
Mechanics, June 23rd—September 13th, 1941.) 


The first reaction to this course of lecture notes must be a feeling of admiration for i 
the American student, the second is likely to be one of pity. Previously equipped with a_ 
good working knowledge of applied mathematics, the summer student (and how warm 
is it in Providence in summer ?) is expected to imbibe six large doses of an elixir com- 
pounded of the essences of Love and Timoshenko and laced with rarer precious oils from | 
far-off Tartary. All students who may stay the course will certainly be finished elasticians ;) 
some others may be tempted to insert the conjunction “as ”’. 

Assuming that the title-page is to be disregarded and that the draught is not to be_ 
swallowed in such indecent haste, it seems odd that so important a work as this should | 
be given no more than cyclostyled circulation. Even in the course of review the 394 
pages have become hopelessly dog-eared, and the reviewer’s present preoccupation 1s 
to find some way to preserve the tattered remnants in some sort of usable form. For, 
despite its production and title, this presentation of the mathematical theory of elasticity 
takes its proper place as a standard work of reference, and the very lowest appraisal must 
rank it as a valuable supplement to Love and Timoshenko. ] 

Following the King of Hearts’ advice, the work starts at the beginning, and the first 
page clearly states those limitations of the scope of the theory which are too often over-_ 
looked. ‘The remainder of the King of Hearts’ advice is less well followed, and the scope | 
of the course itself is nowhere clearly delimited. The first three chapters, representing 
about one-quarter of the whole work, are devoted to analysis of stress, analysis of strain, 
and the stress-strain relation respectively. These chapters follow more or less classical 
lines, even to discussion of stress and strain quadrics, but the approach is almost entirely | 
mathematical, and tensor notation is freely used. It may be remarked here that the 
mathematical background is heavily emphasized throughout, so that the title might well | 
have been the “ theory of elasticity for mathematicians ”’ ; the mere engineer may perhaps | 
feel that affine transformation, tensor fields, etc., scarcely pay their passage in the later | 
chapters of application. Some few passages are likely to please neither mathematician | 
nor engineer. For instance, the passage “‘ the fact that the strains components e; cannot | 
be prescribed arbitrarily can be seen from the following geometrical considerations ”’, 
leading after four pages of mathematics to the conditions of compatibility, makes the’ | 
worst of both worlds. Whilst the passage “‘ It is clear from physical considerations that |} 
one must demand that the functions u, v, w (the displacements) be single valued and 
continuous functions throughout the region occupied by the body” scarcely helps the 
engineer and cannot possibly satisfy the mathematician. The latter may be mollified | 
later by a separate treatment of multiply connected regions ; but this latter passage is 
likely only to confuse the engineer, whose shaken confidence may finally disappear entirely | 
in the section on uniqueness of solution. 

After deploring the lack of uniformity of notation, the author adopts yet one more : 
the new notation aims at combining the best elements of all the others, but will uniformity 
be achieved in this way ? Moreover, in “‘ Young’s modulus and the ratio of Poisson ”’ (sic), 
the author strikes an entirely new and surprising discord. A similar perversity is noticeable 
in the exclusion of aluminium alloys from a list of typical materials ; in the ‘‘ demand 
that the resultant force and moment vanish ” in one section, followed almost immediately 
by the dynamical equations ; in the strain energy function inextricably tangled with Hooke’s 
law ; and in the statement that “‘ the strains within the body are not susceptible to direct 
experimental verification”’. The author’s point would be made equally well by sub- 
stituting “stresses” for “ strains’, so why insult the radiologists ? 

The one serious fault in these early chapters is the omission of all but passing reference 
to large displacements. The last section of Chapter II, on finite deformation, may give 
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the impression that the two fields are synonymous, particularly because this section opens 
with the claim that “ all the principal results of the classical theory of infinitesimal strain ”’ 
have previously been derived. 

The best features of these chapters are the insistence that crystalline solids cannot 
be more than statistically isotropic, unless the single crystals themselves are isotropic, 
and the reserved manner of statement of St. Venant’s principle. 

Chapter IV starts badly with a discussion of ‘“ engineer’s theory of bending ’’, which 
leads virtually nowhere ; the true evangelist in this field should teach the engineer to 
remember the shear deflection, not tempt him to forget it. However, having found a 
firm footing in mathematics by identifying the torsion problem as Neumann’s problem, 
the author canters off (‘‘ instead of solving a problem of Neumann, we can equally well 
solve a problem of Dirichlet ’’) into a long and very valuable digression on the uses of 
the complex variable and conformal mapping. ‘The engineer who has to struggle with 
the mathematician’s w- and z-planes may feel a savage desire to retort with a blue-print 
or two ; but this section is worth while, and the engineer should remember that the 
author is being as kind as he may be. On the other hand, the engineer may relieve his 
pent-up feelings on the section on curvilinear co-ordinates. Too high a price can be paid 
for generality, and this section is bought in the black market ; and surely curvilinear 
co-ordinates should be related to the complex variable ! 

At the end of the chapter the author returns to the ‘‘ engineer’s theory of bending ’’, 
only to fail spectacularly to retrieve his initial fault. By way of recompense there is an 
excellent appendix on the Schwarz-Cristoffel transformation (which, incidentally, is one 
of the few mathematical tools the student is not expected to have already mastered). 

Chapter V deals with the problems of plane strain and plane stress, which are shown 
to be identical. Once more solutions are developed in terms of complex variables, and 
the treatment appears thorough ; but the going is hard, and the engineer might be 
encouraged by more remunerative results than examples on circular and elliptic contours. 
But at least the connection between complex variables and curvilinear co-ordinates is now 
made moderately clear. 

Chapter VI, on the deflection of plates, deals extensively with the aeolotropic plate 
in deference to the technical importance of plywood and fibre-filled plastics ; in view of 
other omissions this inclusion seems odd. Moreover, the whole section wears (to the 
reviewer) an unreal air, because large deflections creep in only towards the end ; and a 
reference back to Chapter II for the basic formulae is not in the least helpful for the reason 
already noted. The mode of treatment of the large deflection problem and the example 
chosen afford but a poor distorted glimpse of this field. 

Undoubtedly the chief value of the work as a whole lies in its applications of the complex 
variable. These methods deserve to be better known, and the present exposition should 
prove a useful reference. Yet the mathematician does not sell his goods particularly well, 
and many who could use these methods will not master them from this treatise. If this 
stricture be judged hard, let the engineer ponder the author’s definition of a plate: “A 
cylinder is called a plate if its height is small compared with the linear dimensions of its 
cross-section ”’ ; and to think that the reviewer has meekly accepted criticism for speaking 
of the “slightly curved plate’! He. COX: 


Infra-red and Raman Spectra of Polyatomic Molecules. by GERHARD HERZBERG, 
Pp. iv+632. (New York: D. Van Nostrand Co., 1945). $9.50. 


In an important monograph published some years ago, Professor Herzberg gave us a 
thorough survey of the principles underlying the different kinds of spectrum associated with 
diatomic molecules, and their relevance to physical and chemical problems. A second 
similar volume had been planned to deal with the spectra of polyatomic molecules. As 
might have been expected, however, the rapid accumulation of experimental results, as well 
as the related theoretical background, made it necessary to divide the volume into two parts. 
The present book on infra-red and Raman spectra forms the first part, and a further volume 
is promised which will deal with the ultra-violet spectra. 

Any reader of this book, not least the spectroscopic expert, will be deeply impressed 
by the vast amount of material collected by the author and by the clear way in 
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which he has set it out. Several other recent monographs have dealt with eithe} 
the infra-red or the Raman spectra, and many experimental and factual details can bel) 
found in them which are not included in the present book. However, the close relation 4) | 
ships between the two types of spectrum make it desirable that, for many purposes at least te 
they should be considered together, and in this book the author has given us an admirable} 
correlation of the data, as well as the most complete record of infra-red measurements yey 
published. 

The infra-red spectra of even the simplest polyatomic molecules are far more complex} . 
than those of diatomic molecules. This arises because of the very marked increase in the 
number of possible molecular energy levels as the number of atoms in the molecule increases } 
and in their highly complex arrangement as regards magnitude. Elucidation of the spectra 
demands a detailed understanding of the energy states, and the rules governing spectra’ 
transitions between them. If the exact relationships are known between the values of the 
molecular energy levels on the one hand and the molecular dimensions, nuclear masses ang 
electronic structures on the other, it may be possible to derive important structural informa- 
tion from the spectroscopic data. Even when the quantitative correlations are incomplete }}} 
useful qualitative information is often obtained. 

The author has discussed all these matters exhaustively and systematically, and although 
in such a masterly presentation the reader’s path must necessarily be hard, the end fully 
justifies the journey. The general reader may be surprised to find a substantial amount 0 
ancillary apparatus here for use in the theoretical treatment. For example, there is a lucid, 
though concise, account of symmetry operations and point groups, and a detailed treatment} 
of the mathematical technique for dealing with the harmonic vibrations of molecular models 
using symmetry or normal co-ordinates. As regards the symmetry properties, the argu- 
ments are illustrated by clear diagrams, and examples are given of molecules belonging to i 
different point groups. From the point of view of the physicist or chemist this is perhaps} 


the most satisfactory and usable summary of this subject yet published. The methods 


given for calculating the normal vibration frequencies of a molecule on the basis of a ave 
| 


i 


\ 


potential energy function illustrate not only the importance of the different types of force 
field which can be assumed but also the procedure for solving the secular equations whic 
arise, and the simplification of such equations by the introduction of conditions of symmetry. 
The author has reviewed comprehensively all existing information obtained by applying} 
such calculations to simple molecules whose frequencies of vibration are known. Thisy 
makes it possible to assess in proper perspective the values obtained for the force constant} 
of particular linkages in different molecules. 
These discussions on normal vibrations lead naturally to the consideration of other 
related matters such as torsional motions and inversion doubling found with pyramidal} 
structures like ammonia. The author also gives an informative account of the product rules| 
of Teller and Redlich which relate the frequencies of a pair of isotopic molecules to each} 
other independently of the particular potential energy function which may apply. In} 
about a hundred closely packed pages full references are given to work on the vibrational | 
spectra of all the important molecules yet studied, and there is also a critical discussion of i 
the significant points which have emerged. This compilation alone is very valuable, but} 
it also serves to bring out some of the special cases which require further examination. 
There follows a detailed consideration of interactions between vibration and rotation, | 
illustrated by the data for many vibration-rotation spectra. The important phenomenon of | 
Coriolis interaction is discussed in some detail, although here the specialist may regard | 
some of the interpretations as problematical. The remarkable increase in complexity of the 
rotational fine structure of vibration bands of asymmetrical molecules compared with linear | 
molecules or symmetrical tops is illustrated both by the theoretical considerations of the || 
energy levels and by the actual examples chosen. The latter serve to emphasize the point | 
that even a small departure from the symmetrical top may lead to markedly increased | 
complexity of the rotational fine structure. Most of the examples discussed in detail deal 
with resolved rotational fine structure. In reality, however, asymmetrical molecules are the 
majority, and most of them have moments of inertia which are too big to lead to such a | 
resolved structure of the rotational branches. In such cases band contours are observed, | 
which will be hybrids if the vibration concerned has components of change of electric 
moment along more than one of the axes of inertia. The question then arises whether these 
contours can be used as reliable guides in the assignment of vibrations to particular types, or 
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even in the approximate determination of moments of inertia. ‘The author has summarized 
briefly the theoretical computations of the appropriate band envelopes to be expected for 
different degrees of asymmetry, but in view of the growing number of experimental measure- 
ments in this connexion a fuller account might have been welcome. 

There is a final chapter entitled Applications, confined almost entirely to a polished 
account of the calculation of thermodynamic properties from spectroscopic data. The book 
concludes with an excellent bibliography and index. 

_ Some may feel, after reading this book, that, admirable as it is, it still remains somewhat 
cold, rigidly austere and perhaps a little idealized in its treatment, for it deals to a large 
extent with the derivation of the energy levels of molecules having some degree of symmetry, 
and also having small moments of inertia and being capable of examination in the vapour 
state, where the rotational fine structure of the bands can be obtained. This criticism may 
be valid, and has some point in the sense that the majority of molecules in practice are 
asymmetrical rotators, have large moments of inertia, and are comparatively involatile. 
But the author’s failure to deal with these molecules in the same exhaustive way is not at all 
detrimental to the book as it stands. The division is in some respects the division between 
physics and chemistry. In order to make full use of infra-red and Raman spectroscopy in 
chemistry, where the bigger and unsymmetrical molecules have the stage, an entirely 
different and more empirical approach may be required. Much indeed can be learnt in 
this way about intermolecular forces such as hydrogen bonding, and much can be done by 
the application of infra-red and Raman measurements to the question of structural diagnosis 
for special intramolecular groupings. Also the whole new field of infra-red analysis, both 
qualitative and quantitative, has recently been developed. A proper discussion of all these 
matters would have seriously lengthened the book, and in any case many of them are in a 
state of rapid growth and flux. 

This book is a landmark for those directly interested in molecular spectroscopy. 
Others, both physicists and chemists, wishing to understand how infra-red and Raman 
spectra can be applied to the determination of molecular vibrations and the molecular 
structure of simple molecules will gain much from it. Both the author and the publishers 
are to be congratulated upon its production. H. W. T. 


An Index of Mathematical Tables, by A. FLETCHER, J. C. P. MILLER and 
L. ROSENHEAD. Pp. vii+450. (London: Scientific Computing Service, 
Lid: 1946). 75s. 


A worker who requires a figure from a mathematical table may desire either to work 
out how some other function varies, or may need just a particular value, for example the 
reciprocal of some number which occurs in his own calculations. In the former case, 
the need for an orderly table is evident ; in the latter, the user needs a table so that he 
may interpolate for his particular argument. The degree to which a table is necessary 
(as opposed to convenient) varies greatly. If one wants a reciprocal, it is to-day practically 
as easy to obtain it from a calculating machine as from a table ; if the value to be calculated 

is a wave-enumber from a wave-length, so that the reciprocal has also to be multiplied by a 
| given factor, then the table of reciprocals is really of little value. A table giving the 
conversion direct is of value, but a table of reciprocals would need to be supplemented 
by a table of products or else both replaced by a table of logarithms. Again, when a 
calculation presents a sine as its answer, the argument is likely to be in radians, and 
numerical calculation from the formula demands either a table of sines with the argument 
in radians, or a table for converting radians to degrees. In navigation, on the other hand, 
the angles will nearly always be given in degrees, minutes and seconds, or occasionally 
in hours, minutes and seconds. One table of sines will serve all purposes if the user 1s 
prepared to carry out the conversion of the argument to a standard system, but it is 
undeniable that a great deal of time is saved in the aggregate if there are different tables 
for the different purposes. MF 

Against these examples, of tables which are convenient but not indispensable, we may 
set those where the work really cannot be done if tables have not been prepared. Such 
cases arise where the needs are for factors of large numbers, or for values of Bessel or 
gamma functions or their inverses. The flow of heat or electric current in a cylinder 
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involves Bessel functions, and if an experimentalist desired to calculate the constant of ¢ 
material cylinder from observations on current flow in it, his task would be impractonay ‘d 
if he had to calculate the necessary functions instead of taking them from tables. | 

There are functions of an intermediate type, exemplified by (1—x’)#. This is no4 Ds 
difficult to calculate by machine, especially if 1—x? is factorized. It may also be obtainec 
from tables of squares and square roots, or yet again from tables of sine and cosine (in any| 
argument, provided it is the same for both). Yet many workers have thought it worth 
while to tabulate the function, and evidently a direct table must save much time if many 
values have to be worked out. Tallqvist seems to have been the first : he gave the functio ult 
to 12 decimal places, at intervals of only 0:01, so that a good deal of interpolation would}! 
be called for. Fourteen years later, in 1920, T. Smith gave a four-figure table at intervals}f 
of 0:001 (0:0001 near unity) ; he was the first to give the table from x«=0-7 to 1:0, whichif, 
enables the reader to obtain all values, by using the table as one of inverse functions oven 
the rest of the range. Since 1920, according to the lists in the volume now under review |} 
six other tables have been computed or published, to various degrees of accuracy. None} 
of them follows Smith in his space-saving device. | 

Whichever type of table is needed by an investigator, whether the essential type on 
the convenient, it will be of no use to him unless he can learn quickly of its existence and 
location. The Index now under review (it will, I think, become known to mathematicians} 
as the Liverpool Index) sets out to help in this problem. It consists of two main parts |) 
of which the first is a list of functions, with the tables of each function set out in order 
For each such table the Index sets out the accuracy (number of decimal or significant 
figures), range and interval of the argument, information about the means of interpolatio 
(whether differences are tabulated and, if so, what orders, and whether proportional part3 
are shown), and finally the reference, in the form of the author’s name and the year. In the} 
second part, all authors are set out in alphabetical order, with their different poblicaoany 
by date, so that the references in the first part become precise by reference to this seconds 
part. In addition to the main parts, we should mention an interesting introduction by the} 
two authors whose names stand first, another by Prof. Rosenhead (whose war wor 
detached him from most of the work, after it had been planned), a publisher’s preface byify 
Dr. Comrie and a foreword by Prof. Hartree. | | 

We learn in the preface that the authors do not believe they have attained completeness) 
and even that they could have approached nearer to that ideal if conditions had bee 
different in the last six or seven years. ‘This is no doubt true, but there are no striking} 
omissions ; the reviewer has compared the references in part 2 for the letters A and 
with his own notes, and found far more in the Index than in his MS. The only converse} 
cases are a publication in 1859 of a table by C. D’Aiguiéres, Tables sans fin donnant 
les résultats de la multiplication, de la division et de l extraction des racines carrées eal 
cubiques de tous les nombres imaginables ; J. Blater and A. Steinhauser, 1888, Multi 4} 
plication and Division rendered rapid and easy by the calculation table, giving the “Ay 
multiples of all numbers; and J. Brown’s Mathematical Tables (Edinburgh, 1830)} 
None of these can be of any importance. I have no details of the French work ; thereff 
are plenty of multiplication tables, and the collection by Brown, although it ran to at lea: 
five editions, was not a specially good one. 

The need for the volume is really very great, and as far as can be reece without 24 
year or so of trial, it has been extremely well done. That is, the choice of functions} 
deliberately omitted is wise—there is no reason to suppose that there are important accidental] 
omissions—and the information given seems to be accurate. The volume is really well | 
produced, and for this it is clear that the mathematical world owes much to Dr. Comrie.} 
who has given not only time and trouble, but has himself, as Scientific Computing Service, 
borne a very considerable expense (running to some thousands of pounds). To say that} 
every scientific library needs the book is an understatement. It should, despite its cost. 
be bought by as many working mathematicians and mathematical physicists as possible. 
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